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1 Fourier series and Fourier transforms

1.1 Fourier series

e The Fourier series representation of a function f(z) defined for x € [—L, L] is:

flz) = % + ngl [an cos (?) + by, sin (?)} (1.1)
where

1 L

ag = Z/_def(x) (1.2)

an = 1/L dz f(zx) cos (@) where n=1,2,... (1.3)
L), L 5

b, = 1 /L dz f(zx) sin (@) where n=1,2,... (1.4)
L), L

e Exercise: Verify the above equations for the expansion coefficients by showing that

1 L
Z[L dzx sin (?) sin (m;rx) = dpm (1.5)
1 L
Z[L dz cos (?) cos (m;rx) = dpm (1.6)
1 L
Z/,de sin (?) cos (mzx) =0 (1.7)
where n and m are positive integers 1,2,---. Hint: Use the trigonometric identities
1
sinAsinB = 3 [cos(A — B) — cos(A + B)] (1.8)
1
cosA cosB = B [cos(A — B) + cos(A + B)] (1.9)
1
sinA cosB = 3 [sin(A — B) + sin(A + B)] (1.10)

e The RHS of the Fourier expansion (1.1) is defined for —oo < = < oo and is periodic with period 2L.
Thus, Fourier series can also be defined for periodic functions defined for all z.

e f(z) is an even function iff f(—z) = f(x).

e f(z) is an odd function iff f(—z) = —f(x).

e An even function f(z) can be written as a sum containing only cosines—i.e., b, = 0.
e An odd function f(z) can be written as a sum containing only sines—i.e., a,, = 0.

e Exercise: Show that the Fourier expansion of the step function:

f(@) —{ - _OL;C”T;LO (1.11)

is given by

fla) = % [Sin (%) + %sin (37) + ésin (57) 4o ] (1.12)



e Exercise: Show that the Fourier expansion of the top-hat function:

fz) =

{ 1 —L/2<x<L/)2 (1.13)

0 otherwise

for x € [-L, L] is given by

flz) = % +% [eos (%) - %Cos (37) + %cos (T) —. } (1.14)

If one is given a function f(x) defined for x € [0, L], one can sometimes extend it to x € [—L, L] as
either an odd or even function. (The extension must be continuous at 0 and L for the Fourier series to
converge to the values of f(x) at these points.) If possible, this simplifies the subsequent calculation
of the expansion coefficients, eliminating either the a,, or b, coefficients, respectively.

e Exercise: Suppose that

1.2

0<z<L/2
f(””)_{ P L/22:1:SL

This corresponds to a guitar string plucked in the middle. By extending f(z) to « € [-L, L] as an odd

function, show that
AL | . (7 1 . [3rx 1 . [(57zx
f(.?f) = ﬁ |:Sln (f) — §sm (L) + % sin <L) — :| (116)

Fourier series in terms of complex exponentials

(1.15)

The Fourier series expansion (1.1) can also be written as

o0
flz) = Z Cp e/ L (1.17)
where
1 [F —
- —IinmTx 1.1
n QL/_def(x)e (1.18)

Exercise: Verify the above equations starting from the original Fourier expansion (1.1), substituting
for the sines and cosines using

1 . .
cosf = i(ew + e~ (1.19)
1 . .
sinf = Z(ew —e ) (1.20)
In the process show that
a
o = ?0 (1.21)
1
cn = §(an7ibn) forn=1,2,--- (1.22)
1
Ccn = 5((1_” +ib_p,) forn=-1,-2.- (1.23)

Thus, the expansion coefficients ¢, are in general complex, with c_,, = ¢, for a real function f(z).

e Exercise: Verify Eq. (1.18) directly by showing that

ot :
ﬁ/Ldmeznﬂ'z/Le—znu'rac/L — 5nm (124)

where n and m are any integers 0, £1,+£2,---.



1.3

1.4

It is usually easier to work with the Fourier expansion in terms of complex exponentials (1.17), since
exponential functions are typically easier to integrate.

Parseval’s Theorem:
o0

L
5 [ dali@l = 3 el (1.25)

n=—oo

relates the the average value of the modulus-squared of f(z) to the sum of the modulus-squared of the
expansion coefficients c,.

Exercise: Prove Parseval’s theorem.

Fourier series for different intervals

Suppose the interval [—L, L] is changed to [—m, 7] for example. Then one can show that

= 50 i [an, cos (nzx)+ by, sin (nx)] (1.26)
where
ay = % i dz f(x) (1.27)
an = %/ﬂ dx f(z) cos(nx) where n=12,... (1.28)
by, = %/W dx f(z) sin(nx) where n=1,2,... (1.29)
In terms of complex exponentials
i Cp e (1.30)
where o
Cn = L/ dx f(x) e ™* (1.31)

21
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Exercise: Prove the above by making a change of variables from x to y = 7z /L.

Fourier transforms

For a non-periodic function f(x) defined for —oco < z < oo, one can extend the Fourier series expansion
to the following Fourier transform pair:

z) = / dk f(k)e™™ (1.32)
where |
Flfl = f(k) = g/ dx f(x)e (1.33)
Compared to
> caemm/t (1.34)
where
1 g —inmx/L
=57 | d:z: f(z)e (1.35)



we see that the discrete index n has been replaced by a continuous (real) variable k, the summation

Yoo . has been replaced by an integral [ fooo dk, and the discrete set of expansion coefficients ¢,, have

been replaced by the function f(k).

o f(k)= F|f] is called the Fourier transform of f(z).

e f(k) is in general a complex function of k. If f(z) is real, f(—k) = f(k)*.

e f(x)=F1[f] is called the inverse Fourier transform of f(k).

e In different contexts (e.g., signal processing, quantum mechanics, ...) and in different textbooks, the
definition of the Fourier transform and its inverse may have different powers of 27 in front of the
integrals and different sign conventions and factors of 27 in the complex exponentials.

e One can give a heuristic “proof” of Egs. (1.32) and (1.33) starting from Egs. (1.34) and (1.35), and
taking the limit as L — oo:

(1) Substituting Eq. (1.35) for ¢,, back into Eq. (1.34) and defining k,, = nAk = nn/L, one obtains

fle)="Y_ Akg(k,,z) (1.36)
where

L
gk, x) = (;ﬂ /_L dyf@)@‘“’”) elkn (1.37)

(ii) Taking the limit L — oo, we have

Ak = dk (1.38)
f: N /Oo dk (1.39)
_g(k;n,x) - g(k,x) (1.40)
where ) -
o) = (g0 [ dnrwe ) et = fe (1.41)
(iii) Thus,
flz) = L dk g(k,z) = [ dk f(k)e™™ (1.42)

which is Eq. (1.32).

e Example: Let

! [ i ] (1.43)
exp | —— .
V2o, P 202

2

T*

fz) =

be a (normalised) Gaussian with zero mean and variance oZ. Then its Fourier transform is also a

Gaussian:
Fk) = = exp |~ (1.44)
= — X —_— .
2T P 20,%
with o2 = 1/02.

e Exercise: Prove the above expression for f(k). Hint: Complete the square in the exponential

1 1
(z +iko?)? — 51305 (1.45)

Lo o0 2
——(x +22kax:£):—2ag

202

x



1.5

and use the fact that

[t e [ = (1.46)

for any u (even complex).

Note that the Gaussians f(z) and f(k) obey an uncertainty relation:

0,0, =1 (1.47)

Thus, the more concentrated f(x) is (i.e., the smaller o,,) the more dispersed f(k) is (i.e., the larger

oy).
Example: Let

fz) =

—L<x<
{1 L<z<L (1.48)

0 otherwise

be a (non-periodic) top-hat function, which is non-zero between —L and L. Then its Fourier transform
is
~ L .
f(k) = —sinc(kL) (1.49)
T
where sinc(z) = sin(z)/z.

Exercise: Prove the above expression for f(k).

Note that as L — oo (i.e., as the top-hat function f(z) becomes wider), the width of the main peak

of f(k) goes to zero (2n/L — 0), while the height of the peak goes to infinity (L/m — o0). This is
another illustration of the uncertainty principle obeyed by f(x) and f(k).

Exercise: Prove the above statements.

Some properties of Fourier transform pairs

Parseval’s theorem for Fourier transform pairs is:

| asls@p =2n [ anifmp (1.50)

Compare with Eq. (1.25) for Fourier series.
Exercise: Prove Parseval’s theorem for Fourier transform pairs.

The convolution theorem for Fourier transform pairs is:
FIf = gl = 2nF[f]F]g] (1.51)

where the convolution of two functions f(z) and g(z) is defined by
(Fe9)@)= [ dyfle-)a) (152

Thus the operation of convolution in z-space is simply multiplication of Fourier transforms in k-space.

Exercise: Prove that convolution is symmetric—i.e., that fxg =g x* f.

Convolutions play a key role in signal processing applications since a linear filter h(t) acting on an
input z(t) produces an output y(¢) given by the convolution y = h * x.

Exercise: Prove the convolution theorem.



1.6 Fourier transforms in different contexts

e For signal processing applications, one often works with function of time x(¢) and their Fourier trans-
forms Z(f) related by:

2(t) = /_ T A E()en (1.53)

where -
() = / da w(t)e—27t (1.54)
— 00
e Z(f) is in general a complex function of frequency f. Its absolute square |Z(f)|? is a measure of the
energy content in the signal at frequency f.

e In quantum mechanics, one often works with wave functions, ¥ (x) or 7,Z(p)7 defined in either position
or momentum space. The wave functions are related by:

b(x) = ¢2175 /fo dpD(p)e" (1.55)
where ) o
o) = = [ d (z)e =P/ (1.56)

e The momentum p is related to the wavenumber k = 27 /X via p = hk, where £ is Planck’s constant h
divided by 2.

10



2 Ordinary differential equations

2.1 General remarks

e Theorem: Any linear ordinary differential equation of order n has a solution containing n independent
arbitrary constants, from which all solutions can be obtained. This solution is called the general
solution of the linear differential equation.

A particular solution satisfies the differential equation plus some other requirements—e.g., initial con-
ditions or boundary conditions.

e NOTE: The above theorem is not true, in general, for non-linear equations. There may exist singular
solutions, which are not obtainable from the general solution for any choice of integration constant.

e Example:
v =y (2.1)
e Solution:
1
y=1@+C)?*  y=0 (2:2)
e Example:
y'=V1-y? (2.3)
e Solution:
y=sin(z+ C), y==l1 (2.4)
e Some useful integrals:
d
/ % =sin"!(x/a) + C (2.5)
a2 —x
dx 1 -1
/x2+a2—atan 2+C (2.6)
/\/dx— =cosh™!(z/a) + C = In(z + V22 —a2?) + C (2.7)
22 _ a2
dx 1
T o =sinh™ (z/a) + C =ln(z + Va2 +a?)+ C (2.8)
2 +a

2.2 First-order ordinary differential equations

e The most general first-order ODE for y = y(x) can be written as

&‘&.
8 <

= F(z,y) or A(x,y)dz+ B(z,y)dy =0 (2.9)

<
Il

e When the function F(z,y), or A(z,y) and B(z,y), satisfy certain properties, the differential equation
simplifies and we can use one of the following methods to solve it.

11



2.2.1 Separable
e ODE:
y' = F(z,y) = f(z)g(y) (2.10)

e Method: Rewrite the equation so that the LHS is a function of y and the RHS is a function of z, and
then integrate both sides:

dy /

—— = [ f(x)dz+C 2.11
Ja=] @11

e Example:
v =z+uzy (2.12)

e Solution:

1

In(l+vy) = 59:2 +C (2.13)

2.2.2 Exact

e ODE:

A(z,y)dz + B(z,y)dy =0, with % = aa—f (2.14)

e Method: There exists a function U(x,y) such that

dU = A(z,y)dx + B(z,y)dy =0, with A= ou B= ou

- 2.1
o By (2.15)

The solution is U(x,y) = C. One method of finding U(x,y) is to first integrate in the a-direction

Ula,y) = / Al y)dz + g(y) (2.16)

and then use OU/0y = B to determine the function g(y).

e Example:
Br+y)de+axdy=0 (2.17)
e Solution:
3
Ulzr,y) = ixz +yr=0C (2.18)

2.2.3 Inexact

e If the differential Adx 4+ Bdy is not exact to begin with, it is always possible to find a function p(z,y),
called an intergrating factor, for which

w(z,y) [A(z,y)dx + Bz, y)dy] is exact (2.19)
Unfortunately, for general A and B, there is no general method for finding u(z,y).

o We will give an explicit construction of p for the case of linear first-order ODEs below.

12



2.2.4 Linear

e ODE:
Y + P(x)y = Q(z)

e Method: Multiply by the integrating factor
po) =@ 1) = [ P

obtaining the solution

HWM@=/QJ”QWMW+C

(2.20)

(2.21)

(2.22)

The first term on the RHS corresponds to a particular solution of the equation, and the second term to
the complementary function, which is the general solution of the differential equation with Q(x) = 0.

e Example:
(1+ 2%y + 6xy = 2z
e Solution:
o 1
v= (1+22)3 3

2.2.5 Bernoulli equation

e ODE:
Yy + Px)y=Qz)y"

(2.23)

(2.24)

(2.25)

e Method: Divide the whole equation by ™ and make a change of variables v = y'~™, which yields

v '+ (1 —=n)P(z)v=(1-n)Q(x)
The ODE for v(x) is linear, which can be solved using the previous method.

e Example:
y +y =y’

e Solution:
Yy =g - 34 Ce/?

2.2.6 Homogeneous

e ODE:
Y = F(z,y) = F(y/x)

e Method: Make a change of variables v = y/x, which yields
v'r+v=F()

The ODE for v(x) is separable and has solution
dv dx
>~ _ (.0
/ F(v)—wv / x *

y' =2 4 tan (Q)
T T

e Example:

e Solution:
y = x sin”*(Cx)

13
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(2.30)

(2.31)

(2.32)

(2.33)



2.3

Second-order ordinary differential equations

2.3.1 Constant coefficients, zero RHS

ODE:

ay’ +by +cy=0
where a, b, ¢ are constants.
Method: Solve the auziliary equation

aD?>+bD+c¢=0

for the differential operator D = %. The solution is

—b+Vb% — dac

(D - >\1)(D - )‘2) =0, )\1,2 = %

If A1 # A2, then the solution to the differential equation is
y = C1eM® + Chet?®

where C7 and Cy are constants.

If Ay = Ay = A, then the solution is
y = C1e* + Chae™”

Example:
y' =6y +9y=0

Solution:
y = C1€%® 4+ Chze®®

2.3.2 Constant coefficients, non-zero RHS

ODE:
ay” + by +cy = F(x)

where a, b, ¢ are constants. F(z) is called the source term or forcing function.

Method: The general solution to the above differential equation is

Y=19Yp+Ye

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

where y,, is a particular solution of the differential equation and y. (the complementary function) is

the general solution of the differential equation with the RHS set equal to zero.

Since y, can be found using the previous method, we concentrate here only on methods for finding y,,.

Exponential RHS:

F(x) = ke®”
Solution:

Czre®® «a= A or Ay and A # Ao

Ce™® a# A1 and a # Ao
yp(x) = {
Cz2e® a= A =\

where the constant C' is determined by substituting y, into the differential equation.

Sine or cosine RHS:

F(z) = ksin(ax) or k cos(ax)

14
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Solution: First solve the differential equation for the complex exponential F(z) = ke'®®  and then take
the imaginary (for sine) or real part (for cosine) of the solution.

Method of undetermined coefficients:

F(z) =e*P,(x) (2.46)
where P, (z) is a polynomial of degree n.

Solution:
e Qn(z) a= A or g and A\ # Ao (2.47)
22 Q,(z) a= X =Xy

where @, () is a polynomial of the same degree as P, (x), whose coefficients are determined by sub-
stituting y, into the differential equation.

e Qn(x) a# A and a # Ao
Yp(z) = {

Several terms on the RHS:

F(z) = e* +4sin(22) + (2% — ) (2.48)

Solution: Solve for y, for each source term separately, then add the solutions together. This works
because the differential equation is linear.

NOTE: For an arbitrary periodic forcing function of period 2L, we can expand
o0
F(z)= > cpemm/t (2.49)
n=—oo
and then solve for y, for each complex exponential term in the expansion.

When we don’t know what to guess:

Solution: First solve the auxiliary equation for D so that the differential equation becomes
(D—=X\)(D — X))y = F(x) (2.50)
Then define
u=(D— X))y (2.51)
and solve the resulting first-order equation
(D —X\)u=F(x) (2.52)
for u(z). Finally, knowing u(x), solve Eq. (2.51) for y(z).
NOTE: We are basically solving the second-order ODE as two first-order ODEs.

Example: Forced vibrations and resonance:
i+ 2by + w?y = Fsin(w't) (2.53)
where F' is a constant.

Solution: Use the method of complex exponentials to find the particular solution y,(t) = Im(Ce™'?),

where . b
0 tang = — d

C= e —
\/(wz —W'2)2 4 4b2w"? w2 — w'?

(2.54)

NOTE: There are two definitions of resonance, depending on which frequency is held fixed and which
is varied.

(i) For fixed forcing frequency w’, the amplitude is maximum when the natural frequency w equals w’.

(ii) For fixed natural frequency w, the amplitude is maximum when the forcing frequency w’ is given
by w’ = vVw? — 2b? (assuming small damping, b < w).

15



2.3.3 Dependent variable y is absent

e Method: Make the substitutions

y=p, y'=p (2.55)
obtaining a first-order equation for p(z) which might be solvable. Then integrate y' = p(z) to find
y(x).

e Example:
y' +2y = 4dx (2.56)
e Solution:
1
y=a"—z—5Cie ™ + 0 (2.57)

2.3.4 Independent variable z is absent

e Method: Make the substitutions

1 ,_dp@_ @

I — =9 == = 2.58
v=p Y=Y =g Ty (2.58)
obtaining a first-order equation for p(y) which might be solvable. Then integrate y' = p(y) to find
y(z).
e Example:
Py (dy\’
1 — — ] =0 2.59
Tzt (dm) (2:59)
e Solution:
(x—Co)* +9y*=C} (2.60)

2.3.5 First derivative 3’ and independent variable z are absent

e ODE:
y'+fly) =0 (2.61)

e Method: Solve as for the previous case, obtaining a separable equation for p(y) which can be integrated:

%p2 - / fy)dy=Cy (2.62)

Then rewrite in terms of dy/dxz = p(y), obtaining a separable equation for y(x) which can be integrated:

=x+ CQ (263)

| e
V21— [ f(y) dy)

e Example:
mi = —kx (2.64)

x =1/ % sin(wt + ¢p) , w= \/Z (2.65)

16
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2.3.6 Euler (or Cauchy) equation
e ODE:

2

d*y dy
207Y ay _
ar” o + bxdm +cy = f(x) (2.66)

e Method: Make the change of variables

dy _ dy Py PPy dy

t 2

r=e = zr—==—, rr—=— - — 2.67

dv  dt dz?  dt2  dt (2:67)
obtaining a second-order linear equation with constant coefficients, which can be solved using previous
methods.

e Example:
dy | dy
22 9 22 Qy = 2.
xdx2+xdx y=0 (2.68)
e Solution:
1
_ 2
y=Ca"+ Oy (2.69)
2.3.7 Reduction of order
e ODE:
y" + f(x)y +g(x)y =0, where wu(z) is a solution (2.70)
e Method: Make the substitution
y(@) = u(w)o() (2.71)
obtaining the differential equation
,u/
v+ <2u + f(a:)) v =0 (2.72)

2.4

which is a second-order ODE for v(x) that has v absent. Make another substitution p = v’ p’ = v”,
obtaining a first-order, separable ODE for p(z). Finally, integrate p = v’ to find v(z), and then multiply
by u(x) to find y(x) = u(x)v(x).

NOTE: If one sets the integration constants to zero, one obtains the second independent solution.
Keeping the integration constants gives the general solution.

Example:

222 —2)y" 4+ 2zy’ — 2y =0, u = x is a solution (2.73)

Solution:

1
=1 = 2.74
Yy - (2.74)

Laplace transforms

The Laplace transform of a function f(t¢) is defined by

LIf] = F(p) = /000 dt f(t)e Pt (2.75)

(Note the limits on the integral. This implies that F(p) does not depend on the values of f(t) for
t<0.)
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e The Laplace transform is a linear transform, since it satisfies

where a is a constant.

Llaf] = aL[f],

e Examples of Laplace transform pairs:

f) =1,
ft)y=e",
ft)y=e"",
fe)y=e7',

f(t) = cosat,

f(t) = sinat,

(1) = 76_? -

bt

F(p) =

LIf1 + f2] = LIfi] + L[ f2]

1
. with Re(p) > 0
1 .
et p’ with Re(a +p) >0
= 1% ,  with Re(p —ia) >0
pﬂ;’; . with Re(p + ia) > 0
e ia2 ,  with Re(p+ia) >0
]ﬁ ,  with Re(p+ia) >0
1
—_ ith R R b) >0
(p—l—a)(p—‘rb) ) w1 e(p+a’)7 e(p+ )>

(2.76)

(2.77)
(2.78)
(2.79)

(2.80)
(2.81)

(2.82)

(2.83)

e The Laplace transform is another method for solving second-order linear ODEs with constant coeffi-
cients and specified boundary (or initial) conditions yo, yj. The Laplace transform converts such an
ODE into an algebraic equation that can be solved for Y (p). The solution y(t) is obtained by finding

the inverse Laplace transform of Y (p), using (for now) a table of Laplace transform pairs.

e Note that

e Example:

e Solution:

2.4.1 Convolution

Lly'] =pY (p) — wo

L]

y//+y

y(t)

y"1 = p’Y (p) — pyo — o

=sint, yo=1, y,=0

1, .
= cost + i(smt —tcost)

e The Laplace transform of the differential equation

has solution

Ay" + By + Cy = f(1),

H(p) = Ap® + Bp+C - Al(p+a)(p+0b)

(2.88)

(2.89)

e H(p) is called the transfer function; it relates the ‘output’ Y'(p) to the ‘input’ F(p), which is the Laplace
transform of the forcing function.

e Thus, to find y(t), one needs to take the inverse Laplace transform of the product, H(p)F'(p), of two
Laplace transforms. This turns out to equal the convolution of the functions h(t) and f(t) defined by

by —oco and oc.

(h= f)(t) E/O dr h(t — 1) f(7)

NOTE: If h(t) = 0 and f(t) = 0 for t < 0, then the limits on the convolution integral can be replaced

18
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2.5

The convolution theorem is:

Ll f] = H(p)F(p) = L[h] L[f] (2.91)

Exercise: Prove this. (Hint: You will need to change the order of integration when taking the Laplace

transform of h * f.)
Convolution is commutative: (h* f)(t) = (f * h)(t).

It is sometimes simpler to use convolution to solve an ODE.

Example:

y' +5y +6y=e", yo=0, yo=0 (2.92)

Solution:

yt) = (t —1)e 2 473 (2.93)

Dirac delta function

The Dirac delta function is a mathematical quantity that can be used to represent the charge density
p(r) of a point charge ¢ located at ry:

p(r) = qd(r —ro) (2.94)

The charge density is zero at all points away from the charge, and is infinite at the location of the
charge in such a way that its integral over any volume V containing the charge is g:

/ dV p(r) =¢q (2.95)
1%

NOTE: Similar statements can be made for the mass density p(r) of a point charge m.

The Dirac delta function is not an ordinary mathematical function. Mathematicians call a Dirac delta
function a generalized function or a distribution.

In 1-dimension, the Dirac delta function §(xz — xg) can be thought of as the limit of a sequence of
functions f,(z) all of which have unit area, but which get narrower and higher as n — co. Some
examples:

i) A sequence of top-hat functions centered at xy with width 2/n:

_fn/2, zo—1/n<z<z0+1/n

fn(@) = { 0 otherwise (2.96)

ii) A set of Gaussian probability distributions with mean p = x¢ and width o = 1/n:

_ L —nz(m—mo)z/Q
n\T) = e 2.97
fuli) = = (2.7
iii) A set of sinc functions centered at z( of the form:
Fulz) = Lsine (n(z — o)) (2.98)
T

Alternatively, a Dirac delta function can be defined in terms of its action on a set of test functions
f(x), which are infinitely differentiable and which vanish as z — +o0.

The defining property of a 1-dimensional Dirac delta function is then

b 4 /
/ dr f(x)d6(z — ') = { flal) a<a’<b (2.99)

0 otherwise

for any test function f(x).

19



e Properties (which follow from the above definition):

d

(a) 5z —a)= . (u(z — a)) (2.100)

)  (-z)=-d(2) (2.101)

(c)  d(—z)=d(x) (2.102)

d)  dazx) = %'(S(x) (2.103)
B 0(x — x;)

() dlf@l=> TG (2.104)

where w(z) is the unit step function and f(z) is such that f(z;) =0 and f'(x;) # 0.

e In 3-dimensions, the defining property of the Dirac delta function is

/ dV f(r)d(r — o) = { flro) ifrg €V (2.105)
\4

0 otherwise
for any test function f(r).
e This implies

d(z — 20)0(y — Y0)d(z — 20) in Cartesian coordinates

Or —1o) = { —2—8(r —r9)0(0 — 09)6(¢ — do) in spherical polar coordinates (2.106)

Note that we need to include the factor of 1/r?sin@ for spherical polar coordinates since dV =
r2sin @ dr df de.

e One can show that

V. (:2) = 476(r), V2 (1> = —47d(r) (2.107)

,
which is familiar from electrostatics for the electric field and electric potential for a point charge.

e Fourier transform:

1 . 1 [ .
Flo(x —a)] = o e~k dr—a)=— / dk eF@=a) (2.108)

—00

NOTE: The last expression is only a formal expression for the Dirac delta function, since e”*(*=%) is
not square integrable and hence does not have a Fourier transform.

e More rigorously

_ 1 > ik — 7: 1 g ikx _ 1s L .
o(z) = o /_OO dk e™™ = Lh_r}rgo 7 /_L dk ™™ = Lh_)rr;o ;smc(Lx) (2.109)
e Laplace transform:
e a>0
L[5(t—a)] = { 0 azo (2.110)

e One can use the method of Laplace transforms to solve second-order ODEs with constant coefficients
and RHS equal to a Dirac delta function.

e Example:
y' +wly=0(t—ty), vo=0, y,=0 (2.111)
e Solution:
1 .
_J osin(w(t—to)) 0<ty<t
y(t) = { 0 0<tet, (2.112)
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2.6

Green’s functions

Suppose one wants to solve a linear ODE for y(¢t) with RHS equal to f(¢) and specified boundary
conditions.

Then since -

flt)y= / dt’ o(t —t') f(t') (2.113)
it follows by linearity that

o) = [t Glet)s) (2.114)

where G(t,t’) is the solution of the ODE with RHS equal to §(t —t’) and the same boundary conditions.
Exercise: Prove this last statement.

The solution G(t,t’) of the ODE with RHS equal to §(t —t) and specified boundary conditions is called
the Green’s function for the differential equation.

Example: Find the Green’s function for
y' +W?y=f(t), =0, y,=0 (2.115)

Solution: This was done in the preceding section using the method of Laplace transforms:

1 o ! /
n_ ) sin(w(t—-t)) 0<t <t
G(t,t)—{ 0 0t (2.116)

Alternatively, one can solve for the Green’s function by solving the differential equation directly. The
method is as follows:

(1) Solve the equation in the regions 0 < t < ¢’ and 0 < ' < ¢, where the RHS is zero:

o= { A Bt vt o
(ii) Apply the two boundary conditions:
/
G(t,t) = { C(t') sinwt E D(t') coswt 8 2 i’<<tt (2.118)
(iii) Apply the condition that the function is continuous at ¢t = t':
0=C(t')sinwt’ + D(t") cos wt’ (2.119)
(iv) Apply the condition that the function has a discontinuous first derivative at t = t':
1= lim [dG(t’ +et') — iG(t’ —¢,t) (2.120)
e—0 | dt dt
=wC (") coswt’ —wD(t') sinwt’ (2.121)
(iv) Solve (iii) and (iv) for the remaining coefficients:
1 1
ct) = - coswt’, D(t") = - sin wt’ (2.122)
(v) Substitute back into the expression for G(t,t):
G(t.t) = { %Sin(wtzt —t)) 8 i i'<<t7; (2.123)

This agrees (as it should) with what we found before.

21



2.7

Example: Find the Green’s function for

y'+y=[f(z), y(0)=0, y(x/2)=0 (2.124)
where z € [0,7/2].

Solution:
Glz,2) = { —cosz'siney O0<z<a' <m/2

—sinz’cosx 0<2' <z <m/2 (2.125)

NOTE: The Laplace transform method is not valid here since the boundary conditions are not of the
form where y(0) and y'(0) are specified.

Example: Solve
y'+3y —dy=e", y=0, y5=0 (2.126)
using four different methods:

(i) the straight-forward method for linear second-order ODEs with constant coefficients and non-zero
RHS;

(ii) the method of Laplace transforms;
(iii) the method of Green’s functions, but using Laplace transforms to find G(¢,t');

(iv) the method of Green’s functions using direct integration to find G(¢,t').

Solution:

1 1 1
y(t) = —567“ + %et + 6675)5 (2.127)

Useful Kronecker delta and Dirac delta formulae

The Dirac delta function d(z — y) is a generalization of the Kronecker delta d;; (defined for discrete
indices 7 and j) to continuous variables x and y.

Fourier representation of Dirac delta function:

1 [~ . ,
2—/ di eF R — §(p — o) (2.128)
T J -0
2i da T E=K)T — 5] — k) (2.129)
™ — 00
Orthogonality:
1 /L .
— | dxetimmme/L — 5 2.130
2L |, (2.130)
1 N-1
2 —i2n(j—=k)/N _ 5.
e =0, (2.131)
N &
Dirac comb:
1 o0 ) o0
= > e T = N5t —nT) (2.132)
Completeness (for ¢, ¢’ € [0, 27]):
J
° > @) = §(¢ — ¢) (2.133)
4 =—00
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3

3.1

3.2

Calculus of variations

The calculus of variations is an extension of the standard procedure for finding the maximum or
minimum of a function f(x)—i.e., that value of x for which f’(z) = 0.

Instead of f(z), which is a function of a single real variable x, we consider a functional I[y], which is
a function of a function y(x). The goal is to find that function y(x) for which §I[y] = 0.

01[y] denotes the variation of the functional I[y] with respect to y(z). It is a generalization of the total

differential df of an ordinary function f(z) with respect to x.

Euler-Lagrange equations

Given the functional s
I[y] :/ F(x,y,y')dx (3.1)

we want to find that function y(z) for which 6I[y] = 0.

The variation of I[y] with respect to y is

5Ty = / SF(z,y,y) dz = /m {(aal;) 5y + (g;) 5;/} do (3.2)

dy d
oy =6 =-—6 .
y < dm) 7Y (3.3)
Integrating the second term by parts yields
oF 2 vz oF d (OF
Myl=(=— ]9 — | ——=— =) dyd 4
Y (311’) yz1+/m {(3y> dzx (311’)} v (34

Thus, for arbitrary variations with fixed endpoints,

d (0F\ OF
oIy =0 <« dx(ay’>_8y_0 (3.5)

where

These are the Fuler-Lagrange equations.

Some simplifications

If F(z,y,y’) is independent of y, then dF/dy = 0 and the Euler-Lagrange equation can be integrated
to yield
F
g—y/ = const (3.6)
If F(x,y,y’) is independent of z, then one can make a change of independent variables from x to y
such that x = z(y), with

y =1/2", do=2'dy (3.7)
for which
T2 Y2 Y2 _
= [ Fepydo= [ F@a s dy= [ 6 dy =1 (38)
T1 Y1 Y1
The Euler-Lagrange equation for I[z] is then
oG
I const (3.9)
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3.3

3.4

In addition, if F(z,y,y’) is independent of x, then one can show that
h=yZl _F (3.10)

satisfies dh/dx = 0 (i.e., h is constant), as a consequence of the Euler-Lagrange equations.
Exercise: Prove this.

Example: The Lagrangian

1
L=T-V = §m¢2 —V(x) (3.11)
is independent of ¢. It follows that
oL 1 1
E'i—L:. r — — .2— = — P2 .12
h e T mi (2mx V(a:)) 5 + V(x) (3.12)

is the total mechanical energy of the system, £ =T + V.

Extremization problems subject to constraints

Suppose we want to extremize some functional

Ily] = /m F(z,y,y') dx (3.13)

1

subject to a constraint
xr2
Jy] :/ G(z,y,y') dx = const (3.14)
x1
Then one should extremize the functional
T2
Iy, \| = I[y] + A J[y] = / (F(z,y,9) + \G(z,y,y)) dz (3.15)
x

1

with respect to variations in both y and A, the Lagrange multiplier.

This follows from the Lagrange multiplier method, which is a way of allowing unconstrained variations
of y(z).

Examples

Geodesics: Given two fixed points, find the path that minimizes the distance between them. Examples
of geodesics are straight lines for flat space, great circles for the surface of a sphere, etc.

For a flat plane
B B z2
Ify] = / ds = / Vdz? 4+ dy? = / dx \/1+ y'? (3.16)
A A T1
which leads to ¥’ = const, which is a straight line.

Fermat’s principle of least time: In geometrical optics, light travels between two points in such a way
as to minimize the travel time between the two points. From Fermat’s principle, one can derive, e.g.,
Snell’s law of refraction

in 6 in @

S 01 _ Sin to (317)
V1 Vg

where vy, vo are the speeds of light in the two different materials and 6, 65 are the angles that the

light rays make wrt the normal to the interface between the two materials.

NOTE: Ordinary calculus will work for this case. One extremizes

T(z) = \/(m — 51)2 + y% + \/(aj? _Ux)Q + y%

(3.18)

which is time for light to travel between the two points in materials 1 and 2, respectively.
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e Hamilton’s principle: Of all possible paths which a system may follow in going from one configuration
at time ¢; to another configuration at time to, the path followed is the one that extremizes the action.
The action is the integral of the Lagrangian,

Lt,z,&) =T -V = %m:’vQ - V(x), (3.19)

which is the difference between the kinetic energy and potential energy of the system. The resulting
equations of motion are equivalent to Newton’s laws for a conservative force:

v
ox

mi =

(3.20)

e Soap film: Find the shape of a soap film suspended between two circular loops of wire, ignoring the
effects of gravity. The shape minimizes the surface area of revolution

B Y2

Iy = / 2y ds = 271'/ dyyv1+ x'? (3.21)
A Y1

It has the mathematical form of a catenary, y ~ coshx.

e Brachistochrone: Find the shape of a wire joining two points such that a bead will slide along the wire
under the influence of gravity (without friction) in the shortest amount of time. One extremizes

B
ds Y2 1+ a?
I[y] =/ —= dy—— (3.22)
A vy V2gy

where we used conservation of energy

1

§mv2 —mgy=0 = v=+/2gy (3.23)
for the bead released from rest at A (assuming y = 0, increasing downward).
The resulting shape is a cycloid:

1 . 1
x=—(0—sinf), y=—(1—cos®) (3.24)

C C

e Hanging cable: Find the shape of a hanging cable. This shape minimizes the gravitational potential

energy of the cable

B B Y2

Ily] :/ dmgy:/ udsgy:ug/ dyyv'1+ ' (3.25)
A A Y1

where 1 is the mass per unit length of the cable (assumed constant), subject to the constraint that the

cable has a fixed length ¢:
B Y2
J[y]z/ dsz/ dyv1+a? =1 (3.26)
A Y1

The solution has the mathematical form of a catenary, y ~ cosh x.
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4 Series solutions of differential equations

e The general form of a homogeneous, linear, second-order ordinary differential equation is

y"(x) + p(x)y'(x) + q(z) y(x) = 0 (4.1)
where p(z) and ¢(z) are arbitrary functions of x.

e We are interested in power series solutions of the form
(oo} oo
y(x) = Z anz™ or y(z)=az° Z anz" (4.2)
n=0 n=0

for some value of o.

e We need to consider the more general power series expansion, called the method of Frobenius, if x =0
is a regular singular point of the differential equation—i.e., if p(x) or g(x) is singular (i.e., infinite) at
x = 0, but xp(x) and 2%q(x) are finite at x = 0. If x = 0 is a regular point of the differential equation,
then one can simply set o = 0.

e The basic procedure is to differentiate the power series expansion for y(x) term by term, and then
substitutes the expansions into the differential equation for y(x). Since the resulting sum must vanish
for all values of x, the coefficients of ™ must all equal zero, leading to a recurrence relation relating
ay, to any of the previous a, (r < n) and a quadratic equation for o, called the indicial equation.

e Fuch’s theorem: The general solution of a differential equation with a regular singular point at x = 0
consists of of either: (i) a sum of two Frobenious series Si(x) and Sa(z), or (ii) the sum of one
Frobenious series S1(x), and a second solution of the form Sy (z) Inx 4 Sa(z), where Sz(z) is another
Frobenius series. Case (ii) occurs only when the roots of the indicial equation for o are equal or differ
by an integer.

4.1 Trigonometric functions

e The differential equation
Y +ky=0 (4.3)

admits a power series solution with

k2
Opto = m an, (4.4)

e Thus,

x)? x)? a z)3 7)®
y(z) = a (1—(k2!) +(k4!) —-~-)+kl(lm—(k3!) +(k5!) —) (4.5)

or, equivalently,

y(x) = ag cos(kx) + % sin(kx) (4.6)

e This solution can also be written as
y(z) = At 4 Bemihe (4.7)

where

A= (ao + %i) and B = % (ao — ﬂ) (4.8)

1
2 ik
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4.2

4.3

Hyperbolic functions

The differential equation

' =K’y =0 (4.9)
admits a power series solution with
L2
Ont2 = CESED) G (4.10)
Thus,
y(x) = ag (1 + (k;!)2 + (kz)4 +- ) + % (kJH— (k;)3 + (k;)5 +- ) (4.11)
or, equivalently,
y(z) = ap cosh(kx) + % sinh(kx) (4.12)
This solution can also be written as
y(x) = Aef® 4 Be e (4.13)
where 1 ” ) o
A= (ao n ?) and B = - (ao _ ?) (4.14)
Legendre polynomials
Legendre’s equation for y(x) is
(1—2?)y" =22y +1(1+1)y=0 (4.15)
where [ is a constant.
Note that
p) =t gy =D (4.16)

are finite at = 0, so x = 0 is a regular point of the differential equation.

This differential equation arises when one does separation of variables for Laplace’s equation in spherical
polar coordinates (here z = cos#).

One can show that y(z) admits a regular power series solution with recurrence relation

nn+1)—1(l+1)
(n+1)(n+2)

(pyo = an (4.17)

Since the recurrence relation relates a, 2 to a,, the two independent solutions to Legendre’s equation
are given by setting ag = 1, a; = 0 and a; = 1, ag = 0. These solutions will be even and odd functions
of x, respectively.

By the ratio test, one can show that the power series solutions converge for |z| < 1.

One can also show that the power series solutions diverge at © = +1 (corresponding to the North and
South poles of the sphere) unless the series terminates after some finite value of n.

Example: For [ = 0, the power series solution proportional to a; is

1 1
y(r) = a1 x+§x3+5x5+... (4.18)

which diverges at x = 1 as can be shown by the integral test.

28



Legendre polynomials
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Figure 1: First few Legendre polynomials P;(z) plotted as functions of z € [—1, 1].

From the recurrence relation, we see that if [ is a non-negative integer, I = 0,1,---, one of the power

series solutions terminates (the even solution if [ is even, and the odd solution if [ is odd). The other

solution can be set to zero (by hand) by setting a; = 0 or ag = 0.

e The finite solutions are polynomials of order [. When appropriately normalised, they are called Legendre
polynomials, denoted P;(x).

e NOTE: If [ is a negative integer, [ = —1,—2,---, one also obtains a polynomial solution. But these
solutions are the same as those for | non-negative (e.g., [ = —1 yields the same solution as | = 0, and
[ = —2 yields the same solution as | = 1, etc.) so there is no loss of generality in restricting attention
tol=0,1,---.

Py(z)
P1 (.f)

PQ(QJ)

Ps(x)

See Figure 1 for a graph of these functions.

e Rodrigues’ formula:

Exercise: Show that the first four Legendre polynomials are given by

(322 — 1)

(523 — 3x)

RN~ 8 =

Legendre polynomials are normalized by the condition that P;(1) = 1.

(4.19)
(4.20)

(4.21)

(4.22)

(4.23)



Note that

P(~z) = (-1)'Fi(z) (4.24)
Orthonormality:
1
2
K dz R(@)Po (@) = 5o (4.25)

Thus, Legendre polynomials form a set of orthogonal polynomials.

Exercise: Prove the above. (Hint: The proof of orthogonality is simple if you integrate Legendre’s
equation times Py (x). The derivation of the normalization constant is harder, but can proved using
mathematical induction and Rodrigues’s formula for P;(x).)

Completeness: Any square-integrable function f(x) defined on the interval € [—1, 1] can be expanded
in terms of Legendre polynomials:

fl@) =Y A P(x) (4.26)
=0

where
2+ [t

A
! 5 )

dx f(z) Pi(x) (4.27)

Exercise: Show that the function

| +1 for z >0
flz) = { -1 for x <0 (4.28)
can be expanded as
3 7 11
flx)=-Pi(x) — = Ps(z)+ — Ps(x) + - (4.29)
2 8 16
See Figure 2.
Generating function:
1 oo
—_ = P.(z)t" 4.30
Ve SR (4:30)
Using the generating function, one can derive the following recurrence relations:
n+1)Pry1=0Cn+1aP,—nP,_1 (4.31)
P,=P, ,—2zP,+P,_, (4.32)
nP,=xP, —P,_, (4.33)
(n+1)P, =P, ,—aP, (4.34)
2n+1)P, =P, ,— P, _, (4.35)
(1—-2*)P, =n(P,_1 —zP,) (4.36)
Note that Legendre’s equation
(1—2®)P! -2z P, +n(n+1)P, =0 (4.37)

can be obtained by differentiating (4.36) wrt = and then using (4.33). In addition, the normalization
P, (1) =1 also follows simply from the generating function.

Exercise: Prove the above relations by differentiating the generating function wrt ¢t and x separately,
and then combining the various expressions.
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Figure 2: Expansion of the function f(z) = 41 for « 2 0, in terms Legendre polynomials. This plot shows
how the approximation to f(z) improves as more terms in the expansion are used.
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e Another important result that follows trivially from the generating function expression is an expansion

4.4

of the potential of a point charge in terms of Legendre polynomials:
1 o 7

= Z % P;(cos7y) (4.38)

_ p/
v — r'| =

where 7~ (rs) is the smaller (larger) of r and +/, and  is the angle between r and r’:

t -1’ = cosy = cosfcosf +sinfsind cos(¢p — ¢') (4.39)

Associated Legendre functions
The associated Legendre equation is given by

(1—a?)

It differs from the ordinary Legendre equation due to the extra term proportional to m?2.

(1—a2?)y" —2zy’ + |11 +1) - y=0 (4.40)

It turns out that power series solutions of this differential equation also diverge at the poles (z = +1)
unless [ =0,1,--- (as before) and m = -1, -1+ 1,--- , L.

The finite solutions are called associated Legendre functions are are given by derivatives of the Legendre
polynomials:

PP(@) = (—1)"(1 =22 S Ri(0) (1.41)
and
—m m(l_m)' m
P a) = (<) P (@) (4.42)

for m > 0. (For m = 0 we recover the ordinary Legendre polynomials, P;(z) = P?(z).)
Exercise: Prove the above by direct substitution.
NOTE: Boas does not include the factor of (—1)™.

The associated Legendre functions are mot polynomials in x on account of the square root factor
(1- x2)m/ 2 for odd m. But since we are ultimately interested in the replacement z = cos#, these
non-polynomial factors are just proportional to sin™ . Thus, the associated Legendre functions can
be written as polynomials in cos @ if m is even, and polynomials in cos § multiplied by sin 8 if m is odd.

Exercise: Show that the first few associated Legendre functions are given by:

[=0:
P(cosh) =1 (4.43)

=1
PY(cos ) = cos b (4.44)
P} (cosf) = —sinf (4.45)

=2
PY(cos ) = % (3cos®f —1) (4.46)
P} (cosf) = —3sin6 cosf (4.47)
Pj(cosf) = 3(1 — cos* ) (4.48)
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Figure 3: The magnitude |P™(cosf)| of the first few associated Legendre functions plotted as surfaces of
revolution. Note that the sign (i.e., ) of the associated Legendre functions P/™(cos 6) is lost in this graphical
representation.

-1

=3
1
P (cosf) = 3 (5cos® @ — 3cosb) (4.49)
PJ(cosf) = —g sind (5cos®0 — 1) (4.50)
P3(cos @) = 15 (cos 6 — cos® 0) (4.51)
P3(cosf) = —15sin6 (1 — cos®0) (4.52)

See Figure 3 for plots of the magnitude of the first few of these functions.

e Using Rodrigues’ formula, we can write down a formula valid for both positive and negative values of
m:

Pm(x) _ (_1)m (1 . x2)7n/2 dm (1‘2 . 1)1 (4 53)
AT dzxl+m '
e Orthonormality: For each m
! 2 (I+m)!
m 7,” — , 4. 4
| PR = o (459
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4.5

Completeness: For each m, the associated Legendre functions form a complete set (in the index [) for

square-integrable functions on = € [—1,1]:

fl@) =" AP (x) (4.55)
1=0
where l (l W
204+1 (1 —m)! m
A= 2 Uxm) /_1 dz f(x) P™(2) (4.56)

Bessel functions

Separation of variables of Laplaces’s equation in cylindrical coordinates leads to either of the following
two differential equations for the radial function R(p):

1 2
R'()+ LR )+ (1= %) Rl =0 (457)
and
1" 1 / 2 V2
R (p) + ;R (p) = | k" + 2 R(p) =0 (4.58)
These equations can be put into more standard form by making a change of variables
p—x=kp,  y) = R(p) (4.59)
z=kp

The two different equations corresponding to different choices of the sign for the constant +k? become:

v+ @+ (12 %) vlo) =0 (4.60)

and
2

1 v
V@4 2@ - (1425 ) o) =0 (4.61)
The first equation is called Bessel’s equation of order v; the second is called the modified Bessel’s
equation of order v.

Note that if y(z) is a solution of Bessel’s equation, then g(x) = y(iz) is a solution of the modified
Bessel’s equation.

Exercise: Prove the above.

To solve Bessel’s equation, note that 2 = 0 is a regular singular point of the differential equation. (The
functions p(z) = 1/ and ¢(z) = (1 — v?/2?), which multiply y'(z) and y(z), respectively, are singular
at z = 0, but x p(z) and 22 ¢(z) are both finite at z = 0.)

The method of Frobenius says that such a differential equation will admit a power series solution of
the form

y(z) =z Z anx" (4.62)
n=0

Substituting this expansion into Bessel’s equation and equating the coefficients multiplying like powers
of x leads to

ap(c? —v*) =0 (4.63)
ar(1+20+0%—1?) =0 (4.64)
Qn
o = — 4.
n+2 n+2+0)2—1v? (4.65)
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The first of the above equations is called the indicial equation. For ag # 0 it has the solutions:

o=4v (4.66)

Substituting these solutions for o into the second equation leads to

a1(1£2v)=0 (4.67)

For v # +1/2, this equation implies a; = 0. But even for v = £1/2, we can set a; = 0.
Thus, a; = 0 together with the recurrence relation implies a,, = 0 for all odd values of n.
For the even expansion coeflicients, we can rewrite the recurrence relation for o = v as

(=D)"T(1+v)

= 468
@2n = 40 227pll(n+1+v) (4.68)
forn=0,1,2, -, where the gamma function is defined by
oo
I'(z) = / dex* e ™ (4.69)
0

for Re(z) > 0.

The gamma function generalizes the factorial function to non-integer arguments in the sense that

I'n+1)=n! forn=0,1,--- (4.70)
I'(z+1)=2I(z) for Re(z) >0 (4.71)

If the normalization constant aq is chosen to be

1

= 3TAT ) (4.72)

ag

then
(_ 1)71

2n = 22ntvpll(n+ 1+ v)

(4.73)

The power series solution is thus

> (_1)n x\ 2n+v
T =Y T T (5) (4.74)

n=0
Jy(x) is called Bessel’s function of the 1st kind.

Asymptotic form:

1 T\Y
1: v — | = 4.
T Tu(@) = 55D (3) (4.75)
2 vmw T
x> 1v: Ju(x) = —cos (x -5 - Z) (4.76)

Thus, Jo(0) =1, J,(0) = 0 for all v # 0; while for large z, J,, (z) behaves like a damped sinusoid, and
has infinitely many zeros x,.,:
Jo(xyn) =0, forn=1,2,--- (4.77)

See Figure 4.
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Bessel functions of the 1st kind: Jn(x)
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Figure 4: First few Bessel functions of the 1st kind for integer v.

Exercise: Show that the zeros of J,(z) are given by

1\«
Typ >~ NT + 1/75 5

If v is not an integer, then J_, (z) is the second independent solution to Bessel’s equation.

If v = m is an integer, then one can show that J_,,(x) is proportional to J,(z):
Jom(@) = (=1)" I ()

50 J_p(z) is not an independent solution for this case.

Exercise: Prove the above.

A second solution, which is independent of J, (z) for all v (integer or not), is

Jy(x) cos(vm) — J_,(x)

sin(v)

N, (z) :=

(4.78)

(4.79)

(4.80)

N, (x) is called a Neumann function or Bessel’s function of the 2nd kind, and is sometimes denoted by

Y, ().

For v = m an integer, one needs to use L’Hopital’s rule to show that the RHS of the expression defining

Ny (z) is well-defined.

Asymptotic form:

2 n (%) +0.5772 , U=

rl: N,(z) — { ir(y)((QQ))u ] )20
> 1 No(@) = 1/ s ( il W)
v v —sin({x — — — —
TS . o\ T e Ty

(4.81)

(4.82)



Bessel functions of the 2nd kind: Nn(x)
0.6 T

Figure 5: First few Bessel functions of the 2nd kind for integer v.

Note that for all v, N, (z) — —oco as © — 0.

As we saw for J,(z), for large , N, (z) behaves like a damped sinusoid, 90° out of phase with J,(z).
See Figure 5.

Thus, the most general solution to the radial part of Laplace’s equation is

R(p) = AJ,(kp) + B N, (kp) (4.83)

Since N, (z) blows up at z = 0, if p = 0 is in the region of interest, then all of the B coefficients must
vanish to yield a finite value of the solution to Laplace’s equation on the axis.

Hankel functions (or Bessel functions of the 3rd kind) are defined by

HW (z) := J,(z) + iN,(z) (4.84)
H () := J,(z) —iN,(z) (4.85)
Recurrence relations:
d
= (@ J,(@) = 2" T, (@) (4.86)
% (7" I, () = =2~ " Jppa (@) (4.87)
Jo(x) = —=J,(x) + Jp-1(x) (4.88)
(@) = ZJ,() = Ty () (4.89)
27, (x) = Jy-1(2) — Ty () (4.90)
2 J(@) = Jya (@) + o (2) (4.91)



Exercise: Prove the above.

Note that the recurrence relations also hold for N, (z), H, m (z), H, @ (z), since they are relatively simple
linear combinations of J,(x) and J_,(x).

Orthogonality:
/ " dp o T (kp) T (Kp) =0 for k £ K (4.92)
where ,
|2 S W~ 1) S )| =0 (1.9)

Exercise: Prove this. (Hint: Let f(p) = J,(kp), g(p) = J,(k'p), write down Bessel’s equation for f and
g, multiply these equations by g and f, subtract, and then integrate.)

An explicit example satifying the above boundary condition is to choose a = 0, rename b = a, and
then choose k and &’ so that J,(ka) = 0 = J,(k’a). For this case k and &’ take on discrete values

kl/’ﬂ = Tvn ) kl = kl/n’ = Ton! ) ’I’L,TL/ = 1a 2a to (494)
a a

k

where x,,, and x,, are the nth and n’th zeroes of J,(z).

Note that the orthogonality of Bessel functions is wrt to different arguments x = kp and =’ = k’p of a
single function J,(x), and not wrt different functions J, (x) and J, () of the same argument x = kp.
(This latter case held for the Legendre polynomials P;(z) and Py (x).)

The orthogonality of Bessel functions is similar to the orthogonality of the sine functions sin(nmz/L)
for different values of n.

Normalization:

b
V2

/abdppr(kP)Jy(kp) = % [( 2 _ k2> T2(kp) +p2[J[,(kp)]2} (4.95)

p=a
where J/,(kp) denotes derivative wrt to its argument x = kp.

Exercise: Prove the normalization condition. (Note: This is a rather tricky proof, requiring some clever
integration by parts and the use of Bessel’s equation to substitute for 22.J, () in one of the integrals.)

Again the RHS can be simplified for the case described above where we set a = 0, rename b = a, and
take k = x,,, /a for some integer n. Then

N 1 , 1
/0 dp pJy(zunp/a)du(@vnp/a) = 5“2[Ju(xvn)}2 = §Q2JS+1(IWL) (4.96)

where a recurrence relation was used to get the last equality.
Exercise: Prove this.

We can put the orthogonality and normalisation equations together as a single equation:

“ 1
/ dp pJo(xunp/a)d,(Tun p/a) = §a2J3+1(x,,n) Onn/ (4.97)
0

where we have explicitly indicated the zeroes ., and z,, of J,(x).
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4.6

If the interval [0, a] becomes infinite [0, c0), then the orthogonality and normalisation conditions actu-
ally become simpler

e 1
| do ko) 0p) = Lotk ~ ¥ (199)
0
where k£ now takes on a continuous range of values.

This is similar to the transition from Fourier series (basis functions e”*»® with k,, = n2r/a) to Fourier
transforms (basis functions e’** with k a real variable):

a/2 } , ) ) ,
/ dx 2 =ne/a — g5, — / de /KT — on §(k — k') (4.99)
—a/2 —00

Modified Bessel functions

As mentioned previously, the modified Bessel’s equation of order v is given by:
/! 1 / 1/2
Y@+ —y'(@) — (14— | y(z) =0 (4.100)

It differs from the ordinary Bessel’s equation only in the sign of one of the terms multiplying y(z).
Modified (or hyperbolic) Bessel functions are solutions to the above equation. They are defined by
I,(z) :==i7"J,(ix) (4.101)
K,(z) = gz’”HHgl)(z’x) (4.102)
Note the pure imaginary arguments on the RHS, consistent with our earlier statement that if y(x) is
a solution of Bessel’s equation then y(iz) is a solution of the modified Bessel’s equation.

See Figures 6 and 7 for graphs of the first few modified Bessel functions of the first and second kind,
I,(z) and K, (z), for integer values of v.

Asymptotic form:

r<l: IL(x)— ﬁ (g)” (4.103)
K, (z) — { F(V[%n((Qg))VT()s?m...] ’ Z;g (4.104)

x> 1v: I,(z) —

\/2%; e [1 L0 (;)} (4.105)
K,(z) = % e? {1 +0 (i)} (4.106)

Thus, I(0) =1, I,(0) = 0 for all v # 0, while K, (z) — oo as © — 0 for all v.
For large z, I,,(x) — oo while K, (x) — 0 for all v.

Thus, the most general solution to the radial part of Laplace’s equation for the choice of negative
separation constant —k? is
R(p) = AIL,(kp) + BK,(kp) (4.107)

Since K, (x) blows up at = 0, if p = 0 is in the region of interest, then all of the B coefficients must
vanish to yield a finite value of the solution to Laplace’s equation on the axis.

Similarly, since I,,(x) blows up as x — oo, if the solution to Laplace’s equation is to vanish as p — oo,
then all of the A coefficients must vanish.
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Modified Bessel functions of the 1st kind: In(x)

Figure 6: First few modified Bessel functions of the 1st kind for integer v.

Modified Bessel functions of the 2nd kind: Kn(x)

Figure 7: First few modified Bessel functions of the 2nd kind for integer v.
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Spherical bessel functions of the 1st kind: jn(x)
1 T T

x

Figure 8: First few spherical Bessel functions of the 1st kind.

4.7 Spherical Bessel functions

o Spherical Bessel functions are defined by

) =\ 2 Ty @) (4108)
np(z) == \/ZNM_;(J:) (4.109)
where n =0,1,2,---.
e One can also define
WD (@) i= jn(2) + inn (@) (4.110)
WP (x) = jn(x) — ing (2) (4.111)

e Given the explicit form of J, 1 () one can show that

jn(z) = 27 (—i(;i)n <thm> (4.112)

() = —a" (—1d>n (COSI) (4.113)

e In particular, it follows that

. sinx cosT
Jo(z) = —> no(x) = — . (4.114)

See Figures 8 and 9 for plots of the first few spherical Bessel functions.

e Exercise: Prove the above expression for jo(z) directly from its definition in terms of the ordinary
Bessel function Jy ().
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Spherical Bessel functions of the 2nd kind: nn(x)
0.6 T T

0.4 -

Figure 9: First few spherical Bessel functions of the 2nd kind.

e Given the relationship between jn(z) and J, ;1 (x), one can show that the spherical Bessel functions
satisfy the differential equation

(n+1)

Jn (@) + ;jé(x) + [1 -z = } jn(x) =0 (4.115)

e Exercise: Prove this.

e Alternatively, one arrives at the same differential equation by using separation of variables in spherical
polar coordinates to solve the Helmholtz equation:

V20(r,0,¢) + k*®(r,0,6) =0 (4.116)

e The ¢ equation is the standard harmonic oscillator equation with separation constant —m?; the 6
equation is the associated Legendre’s equation with separation constants [ and m; and the radial
equation is

s 1)] R(r) =0 (4.117)

2
R" 2R k2 _
0+ 2R+ 12 - 1
e Making the change of variables = kr with y(z)|,—kr = R(r), leads to

I(1+1)
1.2

Yy (x) + ;y’(x) + [1 — ] y(zr) =0 (4.118)

which is the differential equation (4.115) we found earlier with solution y(z) = j;(z).

4.8 Similarities between Bessel and trig / hyperbolic functions

e Trigonometric functions:

y'(x) + K*y(z) =0 = y(x) = Asin(kz) + B cos(kx) (4.119)
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Hyperbolic functions:

y'(r) —K*y(z) =0 = y(x) = Asinh(kz) + B cosh(kz) (4.120)
Bessel functions:
1 2
R')+ 2RG)+ (- 5 ) R =0 = R(5) = Adulb) + BN, (k) (1.121)

Modified Bessel functions:

2

R'(6)+ LR (o) - (k T p) R(p)=0 = R(p)= AL(kp) + BE,(kp) (4.122)

Hyperbolic functions are related to trig functions via:

sinh(kx) = —isin(ikz), cosh(kx) = cos(ikx) (4.123)

Modified Bessel functions are related to Bessel functions vias:

L(kp) =i, Gikp) . Ko (kp) = ZiFLHD (ikp) (4.124)

Hankel functions:
HV (kp) = J,(kp) +iN, (kp) (4.125)
HP (kp) = J,(kp) — iN, (kp) (4.126)

are analogous to complex exponentials:

e = cos(kx) + isin(kx) (4.127)

—ikx

e = cos(kx) — isin(kx) (4.128)
At x = L, the trig function sin(kz) has zeroes at

kL =nm = k:n%, forn=1,2,3, - (4.129)

At p = a, the Bessel function J, (kp) has zeroes at

ka = 2pm = k=0 forn=1,2,3,--- (4.130)
a

Orthogonality of trig functions:

L
L
/ dx sin(nmx/L)sin(n'mx/L) = Eénn/ (4.131)
0
Orthogonality of Bessel functions:
“ 1
/0 dp pJy(zunp/a)du(@vwp/a) = §a2J3+1(17m) Onn’ (4.132)
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4.9 Hermite polynomials

e Differential equation:

Yy —2xy +2my =0 (4.133)
e Recurrence relation for power series solution:
2(n—m)
T i Dm+2)” (4.134)
e Polynomial solutions for integer m.
For m even:
—9 —9)...9
y(@) = a {1 )Mz (™MD e (Cgymzmm=2) 2 (4.135)
2! 4! m!
For m odd:
m—1 m—1)(m —3
y(z) = a; |:x + (—2)( T ) 3+ (— )2( 3’)(1 ) x5+ (4.136)
-1 —3)...2
+ (—g)m-n/2m =1 =3) m (4.137)
m!
e First few Hermite polynomials normalized so that a,, = 2™:
Ho(z) =1, Hy(z)=2x, Hy(x)=42>-2, (4.138)
e Rodrigues formula for Hermite polynomials:
m o2 dT 2
H,(x)=(-1)"e g (4.139)
e Orthogonality:
/ dz e ™ Hy,(z)Hp(z) = V72" m! mn (4.140)
e Generating function:
e ? N "
G2ot—t? _ ZH”(x)ﬁ (4.141)
n=0
e Recurrence relations:
H) (z) =2nH,_1(x) (4.142)
Hpi1(z) = 2¢H,(z) — 2nH,—1(x) (4.143)
4.10 Hermite functions
e Hermite functions are obtained from Hermite polynomials via:
yn(z) = (~1)"e " 12 H, (x) (4.144)
e They satisfy the differential equation:
yr — 2y, = —(2n+ Dy, (4.145)
which is an eigenvalue equation with discrete eigenvalues A,, = —(2n 4 1), where n is an integer.
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One can also show that
Ynt1 = (D —2)yn, Yn—1 = (D +2)yn (4.146)

where D = d/dx is derivative with respect to x.

Exercise: Prove the above.

The operators (DFx) are called raising and lowering operators, since they take one Hermite function to
another by simply increasing or decreasing the value of the index n. These operators are also sometimes
called ladder operators.

In quantum mechanics, they are called creation and annihilation operators for particle states.

The so-called ground state is the Hermite function having n = 0:

yo(w) = e /2 (4.147)
It satisfies
(D+x)yo=0 =y — 2y = —yo (4.148)

which means that you can’t get to a lower state by having the lowering operator act on the ground
state.

4.11 Laguerre polynomials

Differential equation:
2y’ +(1—2)y +my=0 (4.149)

Polynomial solution for integer m:
= n{m\z" m m!

First few Laguerre polynomials:

1
Lo(zx) =1, Li(z)=1-=, Lg(z)=1—2x—|—§x2, (4.151)

Rodrigues formula for Hermite polynomials:

1, dm

L’H'L(x) = me dxm (xmefm) (4152)
Orthogonality:
/ dx € " Ly (2)Lyp(z) = dmn (4.153)
0

Generating function:
AR & PR 4154
- " EZ:O (@)t (4.154)

Recurrence relations:
Ly (z) = Li(2) + Ln(z) = 0 (4.155)
(n+1)Lpt1(z) — (2n+1—2)Ly(x) + nLlyp_1(x) =0 (4.156)
aLy () = nLn(x) + nLn-1(z) = 0 (4.157)
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4.12 Associated Laguerre polynomials
e Differential equation:
2y +(k+1—2)y +my=0 (4.158)

e Polynomial solution for integer m and k:

kdk

L(@) = (=1)* 5 Lin 41(2) (4.159)

e Note that the associated Laguerre polynomials are obtained by simply differentiating the ordinary
Laguerre polynomials.
e Rodrigues formula for the associated Laguerre polynomials:

x ke gm

e R T (amThem™) (4.160)

Ly, (z) =

e NOTE: This last form is actually valid for non-integer k, and can be used to define L¥ (z) for any real

k> -1
e Orthogonality:
/ij drx z*e Lk (z)LF(2) = M Omn (4.161)
0 m!
e Recurrence relations:
(n+1)LE (2) = @n+k+1—2)Li(z)+ (n+k)LE_(z) =0 (4.162)
xiLﬁ(x) —nLE(z)+ (n+E)LE_ (2) =0 (4.163)

dzx
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5 Partial differential equations

5.1 Examples of partial differential equations

e Laplace’s equation:

Viu=0 (5.1)
e Helmholtz equation:
Viu+k*u=0 (5.2)
e Diffusion equation:
V2= L2 (heat flow) (5.3)
a? Ot ’
—h—QVQz/J +Vy= ihﬁ—w (quantum mechanics) (5.4)
2m o M '
e Source-free wave equation:
1 0%u
2 _
e Vector wave equations (E&M):
1 O’°E 1 0°B
2/ _ 2R _ —
VE- 555 =0, VB- 527 =0 (5.6)
e Poisson’s equation:
V2u = f(r) (5.7)

where f is some source (e.g., charge density in electrostatics, mass density in Newtonian gravity).
e Navier-Stokes equation: (non-linear, fluid mechanics)

g‘t[—l—(v.V)v:—Vpp—i—VVZV—&—g (5.8)

5.2 Separation of variables

e The most common method of solution of a PDE is called separation of variables. It amounts to
assuming that the function u can be written as a product of functions, which depend on only a single
variable—e.g., u(z,y, z) = X (2)Y (y)Z(z).

e Separation of variables converts a single PDE into separate ODEs (the number of ODEs equal to the
number of independent variables).

e Not all PDEs can be solved using separation of variables. Only certain types of PDEs can be sepa-
rated, and only in certain coordinate systems—e.g., Laplace’s equation in Cartesian, cylindrical polar
coordinates, spherical polar coordinates, ... The BCs must also have the appropriate symmetry and
homogeneity in order for the separation of variables method to work.

5.3 Laplace’s equation

e Laplace’s equation is
Viu =0 (5.9)
where u is a function of the spatial coordinates x,y, z or p, ¢, z, etc.

e We are interested in solving the above equation for u subject to specified boundary conditions, using
separation of variables.

e The choice of coordinates is usually dictated by the geometry of the problem.

e In the following subsections, we solve Laplace’s equation in the context of steady-state temperature
distributions in: (i) a rectangular plate, (ii) a cylinder, and (iii) a sphere, subject to different BCs.
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5.3.1 Steady-state temperature in a rectangular plate

e Example: Find the steady-state temperature distribution u(z,y) in a two-dimensional rectangular plate
0<z<aand0<y<b, subject to BCs that the temperature is zero along three of the edges (x = 0,
x =a,y =>) and is equal to a constant ug along the other edge (y = 0).

Answer:
dug 2 1 _(nmxy . [nw(b—y)
= — h 5.10
u(z, y) - n:; — (nTﬂb) sm( . )sm [ . ( )
Solution method:
Differential equation:
0%u  0%u
0=V2y=~— 42— 5.11
YT a2 + Oy? (5.11)
Separation of variables:
u(e,y) = X (@)Y (1) (5.12)
Resultant set of ordinary differential equations:
X// Y//
oy 5.13

where k2 is a separation constant, whose sign was chosen to be able to satisfy the BCs.

Solutions of the x-equation:

X(x)=Ao+Boz, fork=0 (5.14)
X(x) = A sin(kx) + B cos(kx), for k#0 (5.15)
Solutions of the y-equation:
Y(y)=Co+ Doy, fork=0 (5.16)
Y(y)=Ce" +De ™, fork+#0 (5.17)

BCs at x =0 and z = a imply:

X(z) = Asinkx, Wherek:%7 n=12-- (5.18)
BC at y = b implies:
Y(y) = Esinh {m(by)] (5.19)
a

Notes:
1) There is no non-zero k = 0 solution which satisfies the BCs.

2) We need only consider positive integers n, since negative n introduces only an overall sign change
from positive n, which can be absorbed in the multiplicative constant.

General solution satisfying these three BCs:

u(z,y) = i E,, sin (?) sinh [m(b_y)} (5.20)

a

Apply final BC at y = 0:

o = u(z,0) = 3 E, sinh (”Zb> sin (?) (5.21)
n=1
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Orthogonality of sinusoids:

a
/ dz sin <@> sin (mﬂ'x) =2 Onm (5.22)
0 a a 2
implies
nrb\ | dug/nm n=1,3,---
C, =k, smh(a>—{ 0 n—24..-. (5.23)
Thus,

o0

u(z,y) = At Z ! sin (n;rm) sinh [mr(b — y)} (5.24)

T T nsmh("”b) a

NOTE: To solve Laplace’s equation inside the same rectangular region for more complicated BCs (e.g.,
where more than one edge has non-zero values), we can simply superimpose the ‘single-edge’ solutions,
which all have a form similar to the above solution.

5.3.2 Steady-state temperature in a cylinder

e Example: Find the steady-state temperature distribution u(p, ¢, z) in a cylinder of radius a and height
b, subject to the BCs that the temperature is zero on the top of the cylinder (z = b) and the curved
surface (p = a), and is equal to a constant ug on the bottom (z = 0).

e Answer:

TonpP\ . Ton (b — 2)
u(p: 9,2) = 2uo Z 1 wonJ1( (20 ) sinh (””(Z’b) Jo ( a ) sinh [ a } (5.25)

where xg, is the nth zero of the Bessel function Jy(z).

e Solution method:

Differential equation:

9 10 Ju 1 0%u  9%u
_ guy  Lowu ou 2
0=V = p@p pap p28¢2+822 (5.26)
Separation of variables:
u(p, ¢, z) = R(p)Q(8)Z(2) (5.27)

leads to

dep

oo o (5.28)

11d dR 1 1d2Q 1427
P2Qde: | Z dz?

where we’ve divided the whole equation by u = RQZ .

If the separation constants are chosen so that

7"(2) = k*Z(z), (5.29)
Q"(¢) = —*Q(¢) (5.30)
then
1 1 / 2 V2
R(ﬂ)+;R(p)+ k—pﬁ R(p) =0 (5.31)
which is Bessel’s equation of order v.
Solutions of the z-equation:
Z(z)=Ao+Boz, fork=0 (5.32)
Z(z)=Ae** + Be ™ fork#0 (5.33)
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Solutions to the ¢-equation:
Q(¢) =Co+ Do, forv=0
Q(¢) = Csin(ve) + Dcos(ve), forv#0

Periodic boundary condition:
Q¢+ 2mn) = Q(9)

implies Dy = 0 and v = m an integer, so
Q(p) = Ce™? m=0,%£1,£2,---

where C' is a complex multiplicative constant.

For v = m, the p-equation becomes:
/1 1 / 2
R(p)+;R(p)+ k* — —

Solutions to the p-equation:

R(p) = Eop!™ + Fop~ '™ | for k=0
R(p) = EJm(kp) + FNy,(kp), for k#0

Apply BC that the solution should be finite on the axis of the cylinder, p = 0:

Fy=0, F=0

Apply BC that v = 0 when p = a:

R(p) = EJu(kp), where k= """ n=172,..

where x,,,, is the nth zero of the mth Bessel function J,,(z).

Note that there is no non-zero k = 0 solution which satifies the boundary condition.

BC at z = b implies: ]
xmn(b - Z)

Z(z) = Asinh { :

General solution satifying all the BCs except the one at z = 0:

oo

u(Pa¢,Z) = Z iEmn I (%ﬁnﬂ) sinh _w e

m=—oo n=1

Apply final BC at z=0:

a

(oo}
b
ug = u(p, »,0) = ZE" sinh (JSOn ) Jo (a:o;p
n=1

Note that we are able to set m = 0 since ug = const is independent of ¢.
Orthogonality of Bessel functions:

2

a 2

[ o (%222 g0 (P222) = 5 T2 00)

implies

. Tonb 2ug “ TonpP
= F, sinh =
Cn n St ( a ) a?J?(xop) /0 dp pJo ( )
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(5.37)

(5.38)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)
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To do the integral, use the recurrence relation:

d

. [xJ1(z)] = xJo(z) (5.48)
to get
2UQ
Cph=——-— 5.49
ZTonJ1 ($07L) ( )
Thus,
u(p, @, z) = 2u i ! J (xonp) sinh |:l'0n(b—z):| (5.50)
. ’ “= wonJ1(2on) sinh (Zonb) '\g a '

5.3.3 Steady-state temperature in a sphere

e Example: Find the steady-state temperature distribution wu(r, 6, ¢) in a sphere of radius a, subject to
the BC that the temperature on the bottom hemisphere is zero, while the temperature on the upper
hemisphere is a constant u = uy.

e Answer:
1 3 /r 7 /r\3
U(T707¢) = Ug |:2P0(COSG)+4 (a) Pl(COSG) — E (g) Pg(COSQ)—F"' (551)

e Solution method:

Differential equation:

10 Ou 1 0 ou 1 9%
w2, _ + 9 [ 20U R g
0=Viu= r2 Or <T 87") + r2sin 6 00 (Smgae) * 2 sin? § 0¢> (5:52)

Separation of variables:

u(r,0,¢) = R(r)P(0)Q(¢) (5.53)
leads to
Q"(¢) = —m*Q(¢) (5.54)
@d% (sin0 Cf;;) 4 {z(z +1) - Sl’:;] P(6) = 0 (5.55)
dii (ﬂfff) — 1+ 1) R(r) (5.56)

where [ and m are (at this stage) arbitrary real separation constants.

Solutions of the ¢-equation are

Q(¢) = Ao+ Bop,  form=0 (5.57)
Q(¢)=Ae™ + Be ™, form#0 (5.58)

Periodic BCs for Q(¢) imply:
Q(¢) =Ce™, m=0,+1,£2,-- (5.59)

just as we saw for the cylinder case.
The 6-equation can be put into more standard form by making a change of variables from 6 to z = cos 6
and then expanding the derivative:

m2

1— 22

(1—2*)P"(z) — 22 P'(z) + (11 +1) — P(z)=0 (5.60)
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5.4

This is just the associated Legendre’s equation.

Recall that in order for the solutions P/ (x) to be finite at the poles (x = £1), the constants I and m
must be restricted to:
1=0,1,2,---, m=-l,—-l+1,---,1 (5.61)

Solutions to the radial equation:
R(r) = D' + Er—(+D) (5.62)
Finiteness of the solution at the center of the sphere (r = 0) implies E = 0, so
R(r) = Dr (5.63)

General solution satisfying all of the BCs except the one at r = a:

) l
u(r,0,6) =Y Y Epyr'P"(cos0)e™™? (5.64)

=0 m=—1

NOTE: Ignorning an overall normalization factor, the combination P/™(cos 0)ei™? is a spherical har-
monic, usually denoted by Y;"(6, ¢).

Apply final BC at r = a:
Cfu 0<0<7/2 ) o .
u(a,0,¢) = { 0 rj2<0<nx } = lg_o E;a’Py(cos ) (5.65)

Note that m = 0 again since the BC is independent of ¢.
Orthogonality of Legendre polynomials

1
2
P(x)Py = —— .
[ deP@) R = g (5.66)
implies
2 +1 !
C) = By = l; o / dz P,(x) (5.67)
0

Evaluating the first few integrals using explicit expressions for the Legendre polynomials yields:

1 3 7

OO = §U0 5 Cl = ZUQ, 02 = 0, 03 = —EUO 5 (568)
Thus,
(1.0.6) = ug |3 Po(cost) + 5 (1) Prfeost) — - (1) Py(eost) + (5.69)
u(r,0,¢) = uo | 5 Fo(cos 1 \5 ) Pileos 6\ 3(cos .
Diffusion equation
The diffusion equation is
1 ou
2 —_— e
Viu= o (5.70)

where o2 is the diffusion constant, which is a property of the material, and u is a function of both
spatial coordinates and time.

In the following subsections, we will solve the diffusion equation in the context of: (i) heat flow through
a rectangular slab of infinite extent in the y and z directions, and (ii) a quantum-mechanical “particle
in a box”.
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5.4.1 Heat flow through a rectangular slab

e Example: Find the temperature distribution as a function of time u(x,t) in a rectangular slab of
thickness L and infinite in extent in the other directions, subject to the initial condition:
u(z,0) = % , for0<z<L (5.71)
and BCs:
u(0,t) =0, wu(L,t)=0, fort>0 (5.72)
NOTE: By having a slab of infinite in extent in the y and z directions, we are able to neglect any heat
flow in those directions. Equivalently, we could consider a rectangular slab of finite extent in the y and
z directions, provided we insulate the faces having y = const and z = const.

e Answer:
QU() > (_1)n+1 . (nmc) .2 2 Qt/LZ
1) =20 nirta 5.73
u(z,t) D sin {——) e (5.73)
e Solution method:
Differential equation:
0%u 1 ou
=5 = 5, 5.74
ox?  a? Ot (5.74)
Separation of variables:
u(z, t) = X (2)T(t) (5.75)
leads to X LT
_——=——— = — 2
e 2T k (5.76)
Solutions of the x-equation:
X(J}) = AO + BO Z, for k=0 (577)
X(z) = Asin(kx) + Bceos(kx), fork #0 (5.78)
Solutions of the t-equation:
2 2
T(t) = Ce F ot (5.79)
BCs at x =0 and z = L imply:
X(x) = Asin(kz), where k= % , n=12--. (5.80)

Note that there is no non-zero k£ = 0 solution which satisfies the BCs.
Substituting for k:

T(t) = Ce'm ot/ (5.81)
General solution satisfying all of the BCs except the initial condition:
u(z,t) = ; C,, sin (?) emnmat/L? (5.82)
Apply initial condition:
% = u(z,0) = Zn: C, sin (%) (5.83)
Orthogonality of sinusoids leads to:
Cp = E/OL dx % sin (”Lﬂ) - % (—1)"*! (5.84)
Thus,
u(z,t) = 2% :01 (_12Ln+1 sin (nzx) e~ et/ L? (5.85)
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5.4.2 Quantum-mechanical particle in a box

e Example: Find the allowed energies for a quantum mechanical particle of mass m in a 1-d box

0 for0<z<L
Viz) = { 00 otherwise (5.86)
e Answer: The allowed energies are quantized:
n?m2h?
En = W’ where n = 1,2,"' (587)
e Solution method:
Differential equation (Schrédinger’s equation):
n? _, oV
—— VU U =ih—— .
va +V ih 5 (5.88)
For the specified form of the potential V', we need to solve
h? 9%w ov
. — ih— 5.89
om 0z ' ot (5.89)
for 0 <z < L, subject to the BCs that ¥(z,t) vanish at = 0 and = = L for all ¢.
Separation of variables:
U(x,t) = X(2)T(t) (5.90)
leads to
X" = —k?X (5.91)
B h2k?
T = —%T, where E = 5 (5.92)
Solutions of the z-equation:
X(x)=Ao+Boz, fork=0 (5.93)
X(x) = Asin(kz) + Bceos(kz), fork#0 (5.94)
Solutions of the t-equation:
T(t) = Ce BN (5.95)
BCs at x =0 and z = L imply:
. nm
X(x) = Asin(kz), where k= T n= 1,2,--- (5.96)
Note that there is no non-zero k = 0 solution which satisfies the BCs.
Thus, the most general solution is
U(z,t) = zn: C, sin (?) e~ 1Ent/h (5.97)
where ) 9o
nmh
E,=—— 5.98
2mIL2 (5.98)
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5.5 Wave equation

e The wave equation is
1 0%u

Vi - 22
v2 Ot?

=0 (5.99)
where v is the velocity of the wave.

e It differs from the diffusion equation in that there is a second partial derivative wrt time, instead of a
single partial derivative wrt time.

e In the following subsections, we will solve the wave equation in the context of: (i) a vibrating guitar
string, and (ii) a vibrating circular drum head.

5.5.1 Vibrating guitar string

e Example: Solve for the motion of a guitar string, initially plucked in the middle and let go.

The guitar string is fixed at both ends:
uw(0,t) =0, u(L,t)=0 (5.100)

The initial displacement of the string plucked in the middle is

_ 2hz/L, 0<z<L/2
u(z,0) = { 2h(1—z/L), L/2<z<L (5.101)
and has zero initial velocity
Ju
— = 102
2,0 =0 (5.10)
e Answer:
( t)—% m(ﬁ) (Tt L (3w ([ 3mut —|—i‘in smx) ([ dmut)
u(z,t) = —5 | 7)1 95 7 )cos| 7 55 5 7 )cos|
(5.103)
e Solution method:
Differential equation:
u 1 0%
i 104
ox?2  v? Ot? 0 (5.104)
Separation of variables:
u(z,t) = X (z)T(¢) (5.105)
leads to: . .
X 17T 9
= - 1
e 2T k (5.106)
Solutions to the z-equation:
X(x)=Ag+Byx, fork=0 (5.107)
X(x) = Asin(kz) + Bceos(kz), fork#0 (5.108)
Solutions to the t-equation:
T(t)=Co+ Dot, fork=0 (5.109)
T(t) = Csin(kvt) + D cos(kvt), for k#0 (5.110)
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BCs at =0 and = = L imply:
X(z) = Asin(kz), where k = "—Lﬂ n=1,2,- - (5.111)
Note that there is no non-zero k = 0 solution which satisfies the BCs.

Zero initial velocity implies:

T(t) = D cos ("2”) (5.112)

Thus, the most general solution satisfying all of the BCs except the initial condition on the displacement

is
> nmwr nmot
u(x,t) = E Cpsin ( — | cos ( ) (5.113)
o ( L ) L

which is a sum of standing waves with discrete wavelengths and frequencies

2L v nv
)\n:?7 fn:xzi’ where n = 1,2, --- (5.114)
The standing wave solutions for different values of n correspond to different modes of vibration of the
guitar string. The vibrational frequency of the nth mode is simply f, = nfi, where f; = v/2L is the
fundamental frequency.

Note that each standing wave can be written as the sum of a right-moving and left-moving wave

sin (?) cos <n7£vt> = % [sin (K, (2 — vt)) + sin (k, (2 + vt))] (5.115)

where k,, = 27/\, = nw/L.
Apply the initial condition on the displacement:

o0

nwT
_ sin (27 11
u(z,0) nz::lC sm( T ) (5.116)
Orthogonality of sinusoids leads to:
9 L nrT 8h (_1)("—1)/2 n=1.235---
n— 7 d , i (7) — n2n2 395 9y 11
C L/o 2 u(z,0) sin 7 { 0 " — oven (5.117)
Thus,
u(z,t) = 8h sin (H) cos moty 1 sin sma coS st + L sin oma cos STut
g2 L L 9 L L 25 L L

(5.118)

5.5.2 Vibrating drum head
e Example: Solve for the vibrational modes of a circular drum head of radius a, fixed at the circumference.

e Answer: The vibrational modes are given by

mn 3 . mn t mn t
Umn (P, &, ) = T <¥> eime [Amn sin (x av ) + B €OS (x av )] (5.119)

with frequency

TmnU

fran = , wherem=0,1,---, andn=1,2,--- (5.120)
2ma

where x,,, is the nth zero of the mth Bessel function J,,(z).

NOTE: The vibrational modes are labeled by two integers (m,n), where m labels the number of nodal
diameters of the mode, and n labels the number of nodal circles. (There is always one nodal circle,
located at the circumference of the drum head.)
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e Solution method:

Differential equation:

10 ou 10%u 1 0%
O0=-—|p=— S - == 5.121
p Op (pap) p?op?  w? Ot? ( )
Separation of variables:
u(p, p,t) = R(p)Q()T(t) (5.122)
leads to
T"(t) = —k*v*Z (1), (5.123)
Q"(¢) = —*Q(¢) (5.124)
1 2
R"(p) + ;R’(p) + <k2 - /V)Q> R(p)=0 (5.125)
Solutions of the t-equation:
T(t) = A sin(kvt) + B cos(kvt), for k#0 (5.127)
In order to have oscillatory solutions for the vibrational modes, we must have k # 0.
Solutions to the ¢-equation:
Q(¢) =Co+ Do, forv=0 (5.128)
Q(¢) = Csin(ve) + Dcos(vg), for v #0 (5.129)
Periodic BCs for Q(¢) imply:
Q(p) = Ce™® m=0,41,+2,-- (5.130)
just as we saw for the cylinder case.
For v = m, the p-equation becomes:
/! 1 / 2 m2
R"(p) + p R'(p)+ | k° — 3 R(p)=0 (5.131)
which is Bessel’s equation of order m.
Solutions to the p-equation:
R(p) = EJpm(kp) + FNp(kp), fork#0 (5.132)
Finiteness of R(p) at p = 0 implies F' = 0.
The BC that u = 0 at p = a implies:
R(p) = EJpm(kp), where k= xzm , n=1,2--- (5.133)
where ,,, is the nth zero of J,,,(z).
Thus, the most general solution satisfying all of the above BCs is:
U(p, o, t) = Z Z Erntimn (pv b, t) (5134)
m=—oo n=1
where
mn i . mn t mn t
Umn (0, &, 1) = T (u) eime [Amn sin (1‘ Y ) + B, cOS (x Y )] (5.135)
a a a
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Note that the frequency of the vibrational mode labeled by (m,n) is:

TmnU

fmn = , wherem=0,1,---, andn=1,2,--- (5.136)

2ra

where Z,,,, is the nth zero of the mth Bessel function J,,(x).

The fundamental (i.e., lowest) frequency is

o1V

for =

" 27ma

(5.137)

The next five lowest frequencies, expressed as multiples of the fundamental frequency fy1, are

f11 =1.5933fo1, for =2.1355f01, fo2 =2.2954f01, f31 =2.6531f01, fi2=29173f01,
(5.138)
Note that the frequencies of the vibrational modes are not harmonically related as we saw for the
guitar string where f, = nf;, with f; = v/2L.

5.6 Poisson’s equation

e Poisson’s equation is
Viu=f (5.139)

where f = f(r) is a source term.

e In electrostatics, f(r) is proportional to the charge density p(r). In Newtonian gravity, f(r) is propor-
tional to the mass density u(r).

e The most general solution to Poisson’s equation is given by
U= Ue + Up (5.140)

where u, (the complementary function) is the general solution to the homogeneous equation VZu, = 0,
and u, (a particular solution) is any solution to the inhomogeneous equation.

e The constants of integration that appear in the complementary function will be determined by the
boundary conditions.

5.6.1 Point source exterior to a grounded sphere

e Example: Determine the electrostatic potential V(r, 6, ¢) due to a point charge g exterior to a grounded
sphere of radius R. Choose coordinates so that the center of the sphere is at the origin, and the point
charge is located on the z-axis a distance a from the center of the sphere.

e Answer:
q qR/a
V(r,0,0) = - 5.141
(r:,4) V2 +a? —2racos  \/r?+ (R%/a)? — 2r(R2/a) cos 0 ( )

e Solution method:

Differential equation:
V2V = —4np(r) (in Gaussian units) (5.142)

where p(r) = ¢d(r — az).

The general solution will be
V=V,+V (5.143)

where V,, is a particular solution to the above equation, and V, is the general solution to the homoge-
neous equation V2V, = 0 exterior to the sphere.
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Particular solution:

q q
Vp(r,0,0) = — = 5.144
p(r,0,0) |r —az| 72+ a2 —2racosf ( )

To prove this claim we will show that
5 (1
Vel =) =—-4rd(r) (5.145)

Proof: For r # 0,
2(IN_ 10 (20 (1NY_ 10 (,-1\ 109 |
v (7’)_7’287’ "o \r “rzor \" 2 _7’237’( 1)=0 (5.146)

To determine the behavior at r = 0, we integrate V2(1/r) over a spherical volume of radius ¢, and then
take the limit € — 0:

9 1 R 1 9 27 ™ . _1
dvvel—-| = dann-V|[—-]=c¢€ do sin@df —-
sphere r boundary r 0 0 r

where we used the divergence theorem to get the first equality, and fida = €2 sin 6 dfd¢ to get the
second and third equalities. Note that this result is independent of ¢, and thus holds for any spherical
volume that includes the origin, no matter how small.

= —4r  (5.147)

T=€

Thus, V2(1/r) = 0 for all r # 0, but integrates to —47 for any volume that contains the origin r = 0.
This means that V2(1/r) = —4m §(r) as claimed.

Complementary function:
Ve(r,0,¢) = Z Cyr~ ) Py(cos 0) (5.148)
1=0
Notes:

1) This expansion can be taken almost directly from an earlier subsection where we considered the
steady-state temperature distribution in a sphere.

2) Like that problem, there is no m-dependence in the above expansion since the problem is azimuthally
symmetric (i.e., there is no dependence on ¢).

3) Unlike that problem, the finite solution to the radial equation exterior to the sphere is
R(r) = Ar~(+D (5.149)

as opposed to R(r) = Ar!, which was appropriate when solving Laplace’s equation interior to a sphere.
Thus,
q

V(r,0,¢) = +> Cr~ Y pcosd 5.150
( ¢) V72 4+ a2 — 2racosd ; ! d ) ( )

Apply BC that the sphere is grounded—i.e., V(R, 0, ¢) = 0.

_ q = —(+1)
0= + R Py(cosb 5.151

VR2 + a? — 2Racos ; : 1 ) ( )
q o0 R l o0 )

== — | Pi(cosb) + Z CiR Pi(cos0) (5.152)
=N 1=0
= | (R —(I+1)

=> ) +anr Py(cosf) (5.153)
1=0
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where we used the generating function for Legendre polynomials

nl
P(x 5.154
\/1—2xh+h2 Z 3 (5.154)
to get the second equality.
Thus, setting the coefficients multiplying P;(cos ) equal to zero implies
R2+1
so that
[e%S) l
q qR Rz) 1
r, 0, o — | —PF(cos¥b 5.156
V000 = st - (U) 2 (%) e (5.156)
R
_ q qR/a (5.157)
Vi +a® —2racosf V12 + (R2/a)? — 2r(R%/a) cos 0
where we used the generating function for Legendre polynomials again to get the last line.
The interpretation of the second term is the potential due to an image point charge q; = —qR/a

located at r; = (R?/a)z. Note that the image charge is opposite in sign to the actual charge and is
located inside the sphere, along the same line that connects the origin to the actual point charge.

Thus, the electrostatic potential exterior to a grounded sphere sphere due to a single point charge
outside the sphere is equivalent to the electrostatic potential due to the original point charge plus an
image point charge, without any grounded sphere present!

5.6.2 Green’s function methods

Suppose you want to solve an inhomogeneous equation, like Poisson’s equation,
Vu = f(r) (5.158)
but already know the solution G(r,r’) to the same equation with a Dirac delta function source:
V2G(r,r') = 6(r — 1) (5.159)
G(r,r') is called a Green’s function of the differential equation. One thinks of the argument r as the
field point and the argument r’ as the source point.

If the BCs are such that both u(r) and G(r,r’) vanish on the boundary, then the solution to the original
equation is given by

u(r) = / AV’ G, ) f(r) (5.160)

Proof:

= /dV’ (V2G(r, ")) f(x') = /dV’ o(r—1)f(x') = f(r) (5.161)

If G(r,r’') vanishes on the boundary but u(r) does not, then the solution to the original equation is
given by

u(r) = /V dV' G(r, ") f(r") + %9 da’ u(r')n' - V'G(r,r) (5.162)

where S is the boundary of V' and u(r’) are the values of u specified on the boundary. The vector i/
is the unit normal to the surface S that points outward from the volume V.

Such a Green’s function is called a Dirichlet Green’s function.

60



e From the previous subsection, we see that:

(i) the Green’s function for Poisson’s equation, which vanishes at infinity is

1

7471'\1' —r'

G(r,v') = (vanishes at infinity) (5.163)

(ii) the Dirichlet Green’s function for Poisson’s equation exterior to a sphere of radius R is

1 R !/
G(r,v') = vt (/2/7“/2)1‘/| (vanishes on surface of sphere) (5.164)
e NOTE: Recall that to obtain (ii), we let
1
/ /
1774 1
G(r,r") Infr — v + W(r, 1) (5.165)

where W (r,r’) was the general solution to the homogeneous equation V2W = 0, and then chose the
arbitrary constants in the expression for W such that

G(r, 1) =0 (5.166)

S

1 /
s [_47r|r r'| +Wirr >}
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6
6.1

Complex analysis

Analytic functions

A function f(z) of a complex variable z = = 4 iy can be written as
f(2) = u(z,y) +iv(z,y) (6.1)

where u(z,y) and v(z,y) are real-valued functions of (z,y). f is a mapping from complex numbers
z = x + 1y to complex numbers w = u + tv.

Definition: The derivative of f(z) is defined as

P A (G O e (C) (6.2)

dz  Az—0 Az

The above definition is identical in form to that for a function of a real variable f(x).

Definition: A function f(z) of a complex variable is analytic in a region of the complex plane if it
has a unique derivative at every point of the region. (By unique we mean that the limit should be
independent of how Az approaches 0.)

Theorem: f(z) = u(x,y)+iv(x,y) is analytic in a region if and only if u, v and their partial derivatives
with respect to x and y are continuous and satisfy the Cauchy-Riemann equations

Ju  Ov Ju v
ot = 6.3
ox Oy’ Oy Ox (6:3)
Proof: Using the chain rule for f(z) = f(x + iy):
of _dros _dr of _dro:_df 6.0
or dzox dz’ oy dz0y dz '
it follows that of of
In addition, since f = u + iv:
of _ou v 0f _ou, v 66
or Or Ox’ oy Oy Oy ’
Thus,
ou v ou v
—ti—=—i| — +i— 6.7
6x+18x z(5’y+23y) (6.7)
Equating the real and imaginary parts gives
Ou  0Ov ou v (6.8)

dx — dy 9y oz
Theorem: If f = w + ¢v is analytic, then both u and v satisfy the 2-dimensional Laplace equation:
Viu=0, Vo =0 (6.9)

Conversely, any function u (or v) that satisfies the 2-dimensional Laplace equation in a simply-
connected region is the real (or imaginary) part of an analytic function f(z) = u + év.

Terminology: Any function that satisfies the 2-dimensional Laplace equation is said to be a harmonic
function.
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6.2

Exercise: Show that u(x,y) = 22 — y? satisfies the 2-dimensional Laplace equation, and then find an
analytic function f for which u is the real part. (The corresponding u and v are called conjugate
harmonic functions.)

Answer: v(z,y) = 22y + C, where C is a constant. The resulting function is f(z) = 22 + C.

Definitions:

(i) 2o is a regular point of f(z) if f is analytic at z.

(ii) zp is a singular point of f(z) if f is not analytic at zo.

(iil) zp is an isolated singular point of f(z) if f is analytic at every other point inside some small circle

centered at zg.

Theorem: If f(z) is analytic in a region, then it has derivatives of all orders at points inside the region,
and it can be expanded in a Taylor series about any point zg inside the region. The Taylor series
converges inside the circle about zo that extends to the nearest singular point of f(z).

The above theorem is a very powerful result. For functions of a real variable, being differentiable does
not imply infinitely differentiable. An example is

0 =<0
fla) = { 2 >0 (6.10)
This function is continuous and once differentiable with
, _ 0 =<0

But because f'(z) has a kink at « = 0 it is not differentiable there (the derivative from the left is zero;
the derivative from the right is two). Thus, the second derivative of f(z) at z = 0 does not exist even
though the first derivative did exist.

Contour integration

Definition: A simple closed curve is a curve that does not intersect itself and has at most a finite number
of kinks.

Cauchy’s theorem: If f(z) is analytic inside and on a simple closed curve C, then

j{ f(z)dz=0 (6.12)
C

e Proof: (We will assume that f’(z) is continuous, which is not necessary, but makes the proof easier.)

We will also use Green’s theorem in the plane

_ 0Q IOP
f;de +Qdy = /S <8:1c — 8y> dxdy (6.13)

which is valid for continuous P, @), and their partial derivatives, and which follows from Stokes’ theorem

?{CF~ds:/S(V><F)~ﬁda (6.14)

for
F(r,y) = P(z,y)x+Q(v,y)y, ds=drx+dyy (6.15)
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Thus,

f{ F(2)dz = ]{ (u + iv)(dz + idy) (6.16)
C C

:]{ [udx—vdy]—ﬁ—i%[vdm—f—udy] (6.17)
C c

ov  Ou . ou Ov
=0 (6.19)

where the third equality follows from Green’s theorem and the fourth equality follows from the Cauchy-
Reimann equations, since f(z) is analytic.

e Cauchy’s integral formula: If f(z) is analytic inside and on a simple closed curve C, then the value of
f(2) at a point z = a inside C is given by

f@)= g § L i

2 Joz—a

(6.20)

e Proof: Consider a simple closed curve I' which consists of C' (traversed counter-clockwise) and a small
circle C” centered at a (traversed clockwise) connected by a straight line, which is traversed in both
directions. Then inside and on T', the function f(z)/(z — a) is analytic so

[ f) f(z) fz) f(z) f(z)
o= f I Sy, SSpesf Speef  SEe G2

Thus

() 4, = ) 4. (6.22)
cr—a cr £ —a

where both C and C’ are traversed counter-clockwise. But since C’ is a small circle centered at a, we
can write

z—a=pe?, dz = ipe'? d¢ (6.23)
for which

z z I i pet®
OIS f(a)j,{c dz  _ f(a)/o ;;w do = 2mif(a) (6.24)

cr 2 —a 12— Q

Note that we used the fact that p can be arbitrarily small to approximate f(z) by f(a) around C'.
Thus,

fla) = Qim : % dz (6.25)

which is the desired result.

e One often rewrites Cauchy’s integral formula as

1) = 5 § L)

21t Jow — 2

dw (6.26)

which has the following interpretation: A function f(z) which is analytic inside a region bounded by
a simple closed curve C' is completely determined by its values on the boundary C.

e Exercise: Show that

dz [ 2mi n=1 (6.27)
c(z—2)" 0 for any other integral value of n ’

for C' a circle of radius p centered at zp.
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6.3 Laurent series

e Theorem: Let Cy, Cy be two circles centered at zg. Suppose f(z) is analytic in the region between C
and Cy. Then we can expand f(z) as a Laurent series about z:

f(z):a0+a1(Z_ZO)+a2(z_20)2-|--~-—|—b1(z_20)_1+b2(2_20)—2+_._ (628)
where X Iy 1 oy
z)az z)dz

"o Jo (r—20)" T 2w Jo (2 —20) L (6.29)

and C' is any simple closed curve surrounding zy and lying in the region between C7 and Cs.

e Proof: To derive the above expressions for a,, and b, divide f(z) by the appropriate power of (z — zg)
and integrate around C. Use the result of the exercise at the end of the previous section to evaluate
the integrals.

e Notes:

(i) The part of the expansion involving the b terms is called the principal part of the Laurent series.

(ii) The inner circle Cy might be a point and the outer circle Cy might have infinite radius.

e Important series expansions:

1

§:1+z+z2+z3+~-~, |z <1 (6.30)
1
——=1-z+22-2 4 |2l <1 (6.31)
1+z2
e Exercise: Show that the function
12
f(z) = (6.32)

can be expanded in three different ways:
(i) For 0 < |2| < 1:

f(z):f*:ﬁ 3 712 +§Z 4+ ... (6.33)

(ii) For 1 < |2] < 2:

z 22 2 1 1
14+ 4+ 2= - = ... .34
F@=1+5+ T+ +S+ <z2 =+ ) (6.34)
(iii) For 2 < |#|:
12 1 3 5

f(Z):_Z:a(1+z+,22+Z3+.“> (6.35)

Hint: Use partial fractions to write

12 4 1 1
f<Z>=z<2_z><1+z>=z(1+z+2_z) (6.36)

and then expand 1/(1 + z) for |z| < 1 and |2| > 1, and 1/(2 — 2) for |z| < 2 and |z| > 2, etc.

e Definitions:
Let f(z) be expanded in a Laurent series that converges around zg.
(i) If all the b’s are zero, then f(z) is analytic at zo and zg is a regular point of f(z).

(ii) If b, # 0, but all the b’s after b, equal zero, then f(z) is said to have a pole of order n at zg. If
n =1, zg is called a simple pole.

(iil) If an infinite number of b’s are non-zero, then f(z) is said to have an essential singularity at z = z.
(iv) The coefficient by of 1/(z — zg) is called the residue of f(z) at zp, denoted Res(f, zo).
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e Example: The function

1
f(z):eZ:1+z+azz+~~ (6.37)

is analytic at z = 0. The residue of e* at z =0 is 0.

e Example: The function
e* 1 1 11 11

M =G=ataty,taa (639
has a pole of order 3 at z = 0. The residue of €*/z3 at z = 0 is 1/2!.
e Example: The function
1 1
—el/7 = 4= 4.
f(z)=e _1+Z+2122+ (6.39)

has an essential singularity at z = 0. The residue of e* at z =0 1is 1.

6.4 Residue theorem

e Theorem: Let f(z) be analytic inside and on some simple closed curve C' except for possibly a finite
number of isolated singularities. Then

7{ f(z)dz =2mi Z residues of f(z) inside C (6.40)
¢ i

where the summation is over all the singular points of f inside C.

e Proof: Consider a simple closed curve T" consisting of C' (traversed counter-clockwise) and small circles
Cy, Cy, C3, ... centered at the singularities 21, 29, 23, ... (traversed clockwise) connected by cuts, and
proceed as in the proof of Cauchy’s integral formula. One finds

ﬁf(z) dz = Z 7{}1 f(z)dz (6.41)

where each of the curves are traversed in the counter-clockwise direction. For each of the integrals on
the RHS, make a Laurent series expansion of f(z) about the singularity z; inside C;, which leads to

7{ f(2)dz = 2miby = 2mi - (residue of f(z) at z;) (6.42)
Ci

Thus,
j{ f(z)dz = 2mi Z residues of f(z) inside C (6.43)
c i

as claimed.

e Methods for finding residues of f(z) at an isolated singular point z:

(a) Laurent series: If one has a Laurent series expansion of f(z) about zg, then the residue of f(z) at
2o is simply the coefficient by of the 1/(z — zp) term in the expansion.

(b) Simple pole: If 2y is a simple pole of f(z), then
Res(f, z0) = li_>m (z—20)f(2) (6.44)
z zZ0

The proof of this follows from the Laurent series expansion of f(z) about zo.

(c) Pole of order n: If zg is a pole of order n of f(z), then

Res(f, z0) = lim {1 1= ) f(z)]} (6.45)

5% \(m — 1)l dzm—1

where m is any integer m > n. The proof of this follows again from the Laurent series expansion of
f(2) about z.
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6.5 Evaluation of definite integrals
6.5.1 Integrals of trig functions

e Let G(sinf, cosf) be any rational function of sin and cos @, whose denominator is never zero for any
value of § between 0 and 27. Then the integral

27
I= / df G(sin 6, cos 9) (6.46)
0
can be cast as a contour integral around the unit circle by making the substitutions
6 . ]- —1 . ]- -1
z=e", dz==zidf, cos@zi(z—i-z ), smH:?(z—z ) (6.47)
i

and can then be evaluated using the residue theorem.

e Example:
B do 2w

27
I= —_— = — 4
/0 5+4cosd 3 (6:48)

6.5.2 Indefinite integrals

e Consider the rational function P(x)/Q(x), where P(z) and Q(x) are polynomials with the degree of @
at least two greater than the degree of P, and assume that Q(z) has no zeros on the real axis. Then

the indefinite integral
R EC)
I= / dz 6.49
M aw) (049
can be evaluated as a contour integral around the closed boundary of a semi-circular region extending

to infinity. The contribution to the integral from the semi-circular part of the contour is zero in the
limit that the radius p — oo.

e Example:

I:/OO dz_ _ (6.50)

oo L+ 22

e Theorem: Suppose P(z) and Q(z) are polynomials with the degree of @ at least one greater than the
degree of P. (Note that Q(z) may have zeros on the real axis.) Then the above method can be used
to calculate the indefinite integrals

= - :EP(:C)CO mz = - IP(I) in(max
1= e gayestma, 1= [ e gl snma) (651

provided one adds half of the residues of the simple poles on the real axis to the residues due to
singularities inside the contour.

e Example:

/ de <28 — 0, / de 222 — 7 (6.52)
e x e x

6.5.3 Principal value of an integral

e Suppose we want to evaluate the definite integral ff dzx F(z), but the integrand F'(x) is singular at
x = xo € [a,b]. We define the principal value of the integral to be

(6.53)

e—0 o—e

PV/abd:vF(x)lim [/joedxF(x)+/: dz F(z)
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e NOTE: The calculation of the integral from the previous example

/ dw CO;x =0 (6.54)

— 00

where we used a contour that avoided the singularity at * = 0 is an example of calculating the principal
value of an integral.

e Example:

> dx
PV/0 —_3= In(2/3), (6.55)

e Example:

*® dx
% [ -0 (6.56)

6.5.4 Integrals of multivalued functions

e Multivalued functions like 2P can be integrated provided we chose a contour that stays within a single
branch of the function. For example, integrals of certain real-valued functions from 0 to co can be
evaluated by chosing a circular contour in the complex z-plane with a branch cut along the positive
x-axis that encircles the origin. [On the portion of the cut just above the positive z-axis, § = 0, so

z =re'® = r. Just below the positive z-axis, we have 0 = 2, so z = rei?™.]

e Example:

/Ooodm vro_m (6.57)

1+22 /2
e Example:
o0 p—1
/ ar =T o<p<i (6.58)
0 14+7r sinmp

6.5.5 Argument principle

e Consider a function f(z) which has a finite number of poles inside some simple closed curve C' and
does not vanish anywhere on C'. Then

ffe)de _ o v py
]i ORE (N — P) = iAO¢ (6.59)

where N (and P) are the total number of zeros (and poles) of f(z), and AG¢ is the change in the
angle of f(z) around the contour. (Zeros (poles) of order n are counted as n zeros (poles).)

e Example: The function f(z) = 23 + 4z + 1 has exactly one zero in the first quadrant. [HINT: To
prove this, evaluate the change in the angle of f(z) around the boundary of a quarter circle in the first
quadrant, extending to infinity.

6.5.6 Inverse Laplace transform

e Recall that the Laplace transform F(p) of a function f(t) is defined as:
Flp) = / dt f(H)e . Re(p) > k (6.60)
0
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e Theorem: The inverse Laplace transform of F(p) is given by

1 ct+ioo

f(t) = 7/ dp F(p)e?*, t>0 (6.61)
2mi c—100

= Zresidues of F(p)eP" at all poles (6.62)

where ¢ = const > k. To obtain the last equality, we consider a contour that is the boundary of a
semi-circular region to the left of the line z = ¢, in the limit that the radius of the semi-circle goes to
infinity.

e Proof: To derive the above expression for the inverse Laplace transform, substitute p = x + iy in the
definition of the Laplace transform and compare the resulting expression with the Fourier transform of

() = { f(t)g_m’ izg (6.63)

Then take the inverse Fourier transform to solve for ¢(t) and then f(t).

e The above integral for the inverse Laplace transform is called the Bromwich integral.

e Example:
5
Flp)= ————— 6.64
e Y (064
has inverse Laplace transform
f(t) =e " + 2sint — cost, t>0 (6.65)
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