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ADUUSLI

function deltaV = calBoost(a_i, a_f)

o ¢ d° d° d° P O P O° P

calculate additional velocity needed to boost from
elliptical orbit with semi- major axis a_i to an
elliptical orbit with semi-major axis a_f, assuming
both orbits -have sun at one focal point

input: a_i, a_f in units of AU

example: calBoost(1, 3.15)

S6%676%6°6 %56 %6 566666 6566666666 266 %6 %6666 %6656 %6 6566565 %5656 %6 55%

%
G
M

v_
V_
de

%

%
a_i
a_f

constants (MKS)
= 6.67e-11;

_sun = 2e30;
AU =

1.5e11;

convert to MKS units
a_ixAU;
a_TxAU;

% calculate initial and final velocities and deltaV
i = sqrt(GxM_sun/a_i);

f = sqrt(2xGxM_sunx(1/a_i-1/(2%a_f)));

ltaV = v_f-v_i;

display results

fprintf('v_i = %f km/s\n', v_i/1000);
fprintf('v_f = %f km/s\n', v_f/1000);
fprintf('deltaV = %f km/s\n', deltaV/1000);

return

114110, £.U4 |
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function jupiterScatter(r_p, r_a, d)

%

% inputs:

% r_perihelion, r_aphelion, in units of AU

% d: distance from Jupiter in units of Jupiter radius RJ

%

% €.g., jupiterScatter(1, 5.3, 10)

%

2767667676766 5 66 66 666666656666 666655655695 %69 %636 65 555555

% constants (MKS)

G = 6.67e-11;

M_sun = 2e30;

M_J = 1.9e27;

AU = 1.5el11;

R_J = 7e7; % mean radius jupiter

r_JS = 5.2xAU; % mean orbital radius of jupiter

% convert to MKS units

r_p = r_pxAU;

r_a = r_axAU;

d = dxR_J;

% calculate a and e from r_p, r_a
a = 0.5(r_p+r_a);

e = 0.5x(r_a-r_p)/a;

% calculate initial velocity of spacecraft (v_infinity)
v_in = sqrt(2%GkM_sunx(1/r_JS-1/(2xa)));

% calculate orbital velocity of jupiter
v_J = sqrt(GxM_sun/r_JS);

% calculate angles (radians)

alpha = atan(sqrt((1-e~2)/(e”2 - (1-r_JS/a)~2)));

beta = atan(v_in x cos(alpha)/(v_] - v_inxsin(alpha)));

b = dxsin(beta);

v_i = sqrt(v_in"2 + v_J*2 - 2xv_inxv_J*sin(alpha));

theta = 2xacot(bxv_i~2 /(GxM_J));

v_out = sqrt((v_ikcos(theta+beta) - v_J)*2 + (v_ixsin(theta+beta))”~2);
phi_out = atan2(v_ixsin(theta+beta), v_ixcos(theta+beta) - v D)

% calculate aphelion of scattered orbit
a_f = (-GxM_sun/2)/( -GxM_sun/r_JS + 0.5%v_out”2 );

if a_f<0

a_f = inf;

display(' ')

display('spacecraft ejected out of solar system!"')
end

% display results

fprintf('\n')

fprintf('v_in st km/s\n', v_in/1000);
fprintf('v_out = %f km/s\n', v_out/1000);
fprintf('phi_out = %f degree\n', phi_outx180/pi);
fprintf('aphelion = %f AU\n', a_f/AU);




Heql 10, £.U4 |

fprintf('v_J
fprintf('v_i
fprintf('alpha

%f km/s\n', v_1/1000):

%f km/s\n', v_i/1000):

%f degree\n', alphax180/pi);
fprintf('beta %f degree\n', betax180/pi);
fprintf('theta = %f degree\n', thetax180/pi);
fprintf('b = %f R_J\n', b/R_J);

return

Dana 2 A



>> jupiterScatter(1, 5.3, 1000)

v_in = 7.728081 km/s

v_out = 9.006630 km/s
phi_out = 156.458064 degree
aphelion = 3.,408297 AU

v_] = 13.077677 km/s

v_i = 6.015025 km/s

alpha = 74.277803 degree
beta = 20.373932 degree
theta = 16.358148 degree

b = 348.145573 R_J

>> jupiterScatter(1, 5.3, 100)

v_in = 7.728081 km/s

v_out = 17.602089 km/s
phi_out = 164.989016 degree
aphelion = 27.603841 AU

v_] = 13.077677 km/s

v_i = 6.015025 km/s

alpha = 74.277803 degree
beta = 20.373932 degree
theta = 110.343328 degree

b = 34.814557 R_J
>> jupiterScatter(1, 5.3, 10)
spacecraft ejected out of solar system!

v_in 7.728081 km/s

v_out 18.996130 km/s
phi_out = -176.096827 degree
aphelion = Inf AU

v_] = 13.077677 km/s

Inn

v_i = 6.015025 km/s

alpha = 74.277803 degree
beta = 20.373932 degree
theta = 172.040099 degree

b = 3.481456 R_J
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7.3

For Schwarzschild oM
dr? = — (1 - —) dt? (160)

for fixed (r, 8, 0).

Thus, the periods between emission and reception at r = r4 and r = rp are related
by

ATy = M= 2M/ra

The frequencies (w4 p := 2m/A74 g) are thus related by
wp (1 —2M/m)1/2 (162)
wa \1—2M/rp

Hence, taking rg — o0, wp = wae. T4 = R, wq = w yields

/ 2M
Wae = W 1~ ? (163)

This is the gravitational redshift formula for Schwarzschild spacetime.

The above expression reduces to the weak-field result in the limit of large R:

M
wx:sw(l—ﬁ) (164)
Particle motion in Newtonian gravity
For a spherically symmetric source of attraction V= —GMm/r, total energy
E= %-mm? + V() (165)

and angular momentum
L=rxyp (166)

are conserved.

Using spherical symmetry to restrict to motion in the equatorial plane (6 = 7/2):

L=|fxpl= mrgi—f (167)

In terms of L. the total total energy can be written as

1 [fdr\?
E=gm (d—:) + Vil (168)

where the effective potential is given by

GMm 1 I?
r 2 mr?

Vi (1) := (169)
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Exercise: Prove the above.

The effective potential Vog(r) goes to zero (from below) as r — o0; it goes to oo
at r = 0; and it has a minimum at r = rpp = L'Z/GI\I m?. The minimum value
of the effective potential is also the minimum allowed value of the energy given by
Bmin 1= —G2M?m? (212,

Exercise: Prove the above statements.

There are three types of trajectories depending on the value of E:
(i) E = Emin: A stable circular orbit at r = rmin.

(ii) Fimin < F < 0: Bound orbits between turning points r = r; and r = ra (r; < ra).
These bound orbits are actually ellipses (discussed in more detail later).

(iii) £ > 0: Scattering orbits that come in from r = oo, make a closest approach at
r = ry, and then return to oo. (E = 0 is a parabola, E > 0 are hyperbolae.)

Exercise: Show that for the circular orbit at r = ry,. Kepler's 3rd law holds in the
form

GM
=73

" min

{i? (170)

where  := d¢/dt (which is constant for a circular orbit).

To prove that the trajectories correspond to circles, ellipses, parabolas, etc., we need
to find ¢(r). Hence, we need to integrate

do dpdt L

2 -1/2
ol o i [E(E = V(-eﬂ'(r)}} (171)

The integral is most simply done by making a change of variables to u := 1/r. Using
(for a < 0)

du ==L g [2‘1”_%] (172)
Vaul +bu+c V—a Vb2 — dac
one can show that Sau+ b
2au
r) = ¢p+sin~! [———] 173
where ) .
—I 1
a=—, b=2GM, 0:2—. = — (174)
m? m r
Exercise: Prove the above.
Taking ¢g to be the value of ¢(r) at closest approach, one eventually finds
o
: = 175
r(¢) 1+ ecosog (175)
where 12
i 2EL?
= . = e — 176
*=CMmz’ © (1 N G?M?-mé) (176)

Exercise: Prove the above.
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7.4

The equation
o

r(9) = 1+ €ecoso

(177)

corresponds to a conic section—i.e., a cut of a right circular cone by a plane with
slope € relative to horizontal. € = 0 corresponds to a circle; 0 < € < 1 corresponds to
ellipses; € = 1 corresponds to a parabola; and € > 1 corresponds to hyperbolae.

For fixed L. the allowed values of € are determined by the allowed values for E. In
particular, E = Ep,;, corresponds to € = 0; Eyin < E < 0 corresponds to 0 < € < 1;
E = 0 corresponds to € = 1; E > () corresponds to € > 1.

For an ellipse, € is the eccentricity and 2« is the latus rectum. (In terms of the
semi-major axis @ of an ellipse, a, o and e are related by a = a(1 — €?).)

Exercise: Explicitly show that, for an ellipse with eccentricity ¢ and latus rectum 2a,
the radial distance r from a point P on the ellipse to the focus satisfies Eq. (177),
where ¢ is the angle between the line connecting the focal point to P and the semi-
major axis.

Particle motion in Schwarzschild spacetime

For Schwarzschild, the energy (at infinity) per unit particle rest mass

E M\ dt
o E_ (1__)ﬂ=_%gmpa (178)

m r dr

and angular momentum per unit particle rest mass
, . o
{:= — =r°sin“f— = —gpap (179)
m T m

are conserved.

Since the Schwarzschild geometry is spherically symmetric, the trajectory will be in
a 2-d plane. Taking this to be the equatorial plane (# = 7/2),

(=r*— (180)

Exercise: Using the above conserved quantities, show that

—1=1u-u= g u’u’ (181)
is equivalent to
1 /dr\? .
£=5(F) +Verlr (182)
where 5
ec—1
= 183
&= (183)
s M 2 M2
Ve (r) = ~—toz— 3 (184)




NOTE: The last term —AM¢?/r? in the effective potential is what’s responsible for the
differences between Newtonian gravity and GR for particle motion in a spherically
symmetric potential—e.g., the perihelion precession of Mercury, existence of plunge
orbits, etc.

The shape of the effective potential Vig(r) depends on the value of 22 /M2,

If (2/M? > 12, the effective potential has two extrema corresponding to a local
maximum and local minimum. The extreme values of r are given by

2

(185)

P = FPuin =

l
max 2M

Exercise: Prove the above statements. (Hint: The local maximum and minimum are
determined by setting dVog(r)/dr = 0.)

If ¢2/M? = 12, the effective potential has a point of inflection at ryjn = Tmax = 6M =:
rigco. This is the radius of the Innermost Stable Circular Orbit, hence the acronym
ISCO.

If /2 /M? < 12, the effective potential has no local maxima or minima.

For £2/M? > 12, there are five types of trajectories depending on the value of &:

(i) £ = Emin: A stable circular orbit at r = .

(i) Emin < € < 0: Bound orbits between turning points r = r and r = ry (1 < T32).
Unlike the case for Newtonian gravity, these bound orbits are not closed; they are
ellipses whose turning points precess (more about this later).

(iii) 0 < € < Emax: Scattering orbits that come in from r = oo, make a closest
approach at r = 71, and then return to oc. (The particle can actually orbit around
the centre of curvature a number of times before returning to oc.)

(iv) £ = Emax: An unstable circular orbit at r = ryax. Unstable circular orbits do
not exist for Newtonian gravity.

(v) € > Emax: A plunge orbit in which the particle comes in from r = oo and
eventually hits the surface of the star or falls inside the event horizon (r = 2M) of a
black hole. These plunge orbits do not exist for Newtonian gravity.

Exercise: Show that for the stable circular orbit at r = ry,. Kepler's 3rd law holds
in the form

02 = % (186)
where ) := d¢/dt (note the derivative with :::pect to t not 7).
Bound orbits precess. If we define
Sprec 1= A — 2 (187)

where A¢ is calculated from one turning point r = r; back to r = ry, one can show
that the first-order correction to the Newtonian result (d¢prec = 0) is

orG M

6@)1’6{' ~



7.5

The largest precession occurs for small a and large € i.e., Mercury in our solar
system. Substituting the values for Mercury gives d¢prec & 43 arcseconds per century,
in agreement with observation. This retrodiction was one of the major triumphs of

GR.

Radial infall from rest at r = oo has £ = 0, £ = 0, # = const, and ¢ = const. The

effective potential simplifies to Veg(r) = —M/r and the radial equation can be written
* d
T r
— e e 18¢
dr 2M (189
It has solution 5 1
— ~3/2
T—Te = —= r 190
3VaM (180)

where 7 = 7, corresponds to r = (.

Note that it take a finite amount of proper time to fall from any finite r (e.g., r = 10M)
tor=2M.

The same radial infall, described in terms of the Schwarzschild coordinate time t,
satisfies the differential equation

dt _ dtdr r 2M\ !
e )

VvVr/2M + 1
Vr/2M -1

This has solution

Af 2 r 3/2 r 1/2 |
F—te=2M | —= | — =i e = o
b 3 (QM) (ZM) +log

where ¢ = f, corresponds to r = 0.

(192)

Exercise: Prove the above.
Note that, contrary to what we found for proper time, it takes an infinite amount of

coordinate time to fall from any finite r (e.g., r = 10M) to r = 2M.

Light rays in Schwarzschild spacetime

For light rays in Schwarzschild spacetime, the energy (at infinity)

2MN dt s
€= (1 1 T) = —YJtaP (193)
and angular momentum
. o 0 &
¢ := 72 sin® 9£ = GialP (194)

are conserved, where p® := dxr®/dX with A an affine parameter for the motion.

Spherical symmetry implies motion in a 2-d plane. Taking this to be the equatorial
plane (6 = 7/2),
{=r‘— (195)
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Exercise: Using the above conserved quantities, show that

0=u-u=gesuu’ (196)
implies
1 1 /dr\? )
. (ﬁ) + Wa(r) (197)
where
2 {2
b 1= ) (198)
atd 1 2M
Wer(r) == — (1 — — ) (199)
r r

NOTE: The motion depends only on the ratio £/e, since a different choice of affine
parameter changes the values of £ and e, but not their ratio.

b has the interpretation of an impact parameter—it is the perpendicular distance (at
large r) between the direction of the light ray and a parallel line passing through the
centre of curvature. In other words, ¢ = bp at large r, where p is the magnitude of
the linear momentum.

The shape of the effective potential Weg(r) is independent of £.

The effective potential has one extremum corresponding to a local maximum at r =
max = 3M. The value of Weg(r) at r = 3M is

1

Winax = Wet(r = 3M) = 5oy

(200)

Weg (1) goes to zero (from above) as r — o0 it equals 0 at r = 2M.
Exercise: Prove the above.

There are three types of trajectories depending on the value of 1/ b2

(i) 0 < l/b2 < Wiax: Scattering orbits that come in from r = oc, make a closest
approach at r = 71, and then return to cc. (The light ray can actually orbit around
the centre of curvature a number of times before returning to oc.) Hence light is
deflected by a spherically symmetric potential in GR.

(i) 1/b%* = Winax: A unstable circular orbit at r = rpax = 3M.

(iii) 1/b® > Wiax: A plunge orbit in which light comes in from r = oc and eventually
hits the surface of the star or falls inside the event horizon (r = 2M) of a black hole.

Note that a small impact parameter b means small angular momentum £, and hence
a greater chance for capture by the star or black hole.

To determine the deflection of light, one needs to integrate

do  dod\ 171 ~if2
20 _dod_, 1 [ﬁ _ weﬁ(r)] (201)
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We define the deflection angle via
OQdef == Ap— T (202)
where -
1
Ag:=2 f o (203)
oo B0

with ) being the closest approach of the trajectory.
Keeping only the leading order correction terms to the Newtonian result, we find

- 4GM
00de = b2 (204)

Exercise: Prove the above.

For light grazing the Sun (i.e., M = M., b = R:), ddger = 1.7 arcseconds, which
was verified by Eddington in 1919 during a solar eclipse. This prediction was another
major success of GR.

The deflection of light as it passes a source of curvature also gives rise to a time delay
effect, as compared to straight line travel time in Newtonian gravity.

To calculate the excess time delay one needs to integrate

-1/2

= e - W
dr  dhar b Wer (r)

B2 (205)

r

dt  dt d\ 1(1_%{)—‘[1

Consider sending light or a radar signal from the Earth (past the Sun) to a reflector
located at rp, and then waiting for the reflected signal. The total travel time of the
signal is given by

(At)tot = 2t('r%., 7"1) + 2t(rg. 1"1) (206)

where 7 is the closest approach to the Sun, rg and rp are distances of the Earth and
reflector from the Sun, and #(r,r1) is the time that it takes the signal to travel from
tor.

We define the excess time delay as

(At)excess = (At)tot =% 2\/ 7'% = 7"i12 = 2\/ T?{ = T% (207)

where the last two terms give the travel time from Newtonian theory.

If we assume r; < re and rp, and carry out the calculation keeping only the first-
order correction terms, we find

A4GM drpre
(At)excess ~ 3 [IOg ( :'22 = ) o} 1] (208)
1

Exercise: Prove the above.

The excess time delay has also been confirmed experimentally.
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