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Plan for lectures

Today: Details / Example

1. Non-trivial response functions
2. Non-trivial overlap functions

3. What to do In the absence of correlations
(e.g., for LISA)?

4. Frequentist and Bayesian methods

5. Example: searching for the background
from BBH mergers



1. Non-trivial response functions



Beam detectors

(use electromagnetic radiation to monitor the separation of two or more test masses)

laser interferometers

pulsar timing spacecraft Doppler tracking

GW perturbs the photon propagation time between the test masses




AT(E){|

pulsar Earth

Earth spacecraft
end mirror |

(1-arm, 2-way) (2-arm, 2-way)
5

(1-arm, 1-way)



Different types of response

timing: h(t) = AT(¢) (pulsar timing)
. AL(r)  AT(1) .
strain: h(t) = = (LIGO, Virgo, ...)
L T
Av(t) dAT(r)
Doppler frequency: h(t) = ) = " (pulsar timing, spacecraft Doppler tracking)
0
ohase: h(t) = AD(t) = 2rvy AT (1) (LISA)

All these responses are derivable from the change in light travel time AT (t)




Detector response

GWs are weak => detector is a linear system which converts metric perturbations to detector output

detector

convolution

/ 00
h(t) = (R % h)(z, X) / dt / d>y R (t, Dhyp(t — 7,% — )

/ | |

detector impulse response
location

detector output

-------------------- RA(f, 7)) = R(f, h)e’, (A)

— () = szszﬁZ RACS, )y (f, )
A

........ = R(f. ) = £PHHTIe J dTJ(py RO (z, 37y ¢~ T+ 1o

detector response for a plane-wave
with frequency f, direction n, polarization A



Example: 1-arm, 1-way timing response function (e.g., pulsar timing)

L
h(t) = AT(r) = zicuaub J ds h_,(1(s), x (5))
0

where
t(s)=(t—-Llc)+s/c, xX(s) =7 + sil

(typically ignored
earth term pulsar term ¢, o jisar timing)

RA, ) = —— - uube () — (11— o] i
i27f:2 A RN
=1 for Doppler FA(ﬁ)

freq measurement

X,V

>



Example: LIGO response
equal-arm, short-antenna limit

VIRT?+ R ]2
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1 ATV, roundtrip(t ) AT7, roundtrip(t )

=3 T T

Y-axis

RA(f, A 2-5 (u“ub — vavb)é eﬁb(ﬁ e

detector tensor



Y-axis

Y-axis

Y-axis

Beam pattern functions

X-axis

(IR (f,2) + |R*(f,7)]2) "

[R™(f,n)]
(f < atfew kHz)

10



Terrestrial Network

(credit: N. Cornish)
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Terrestrial Network

(credit: N. Cornish)
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Terrestrial Network
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Terrestrial Network

(credit: N. Cornish)
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Terrestrial Network
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trial Network

(credit: N. Cornish)
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2. Non-trivial overlap functions



Overlap function (correlation coefficient)

e [Detectors in different locations and with different orientations // & Q
respond differently to a passing GW. / .
[ 11

e (Qverlap function encodes reduction in sensitivity of a Cross- >
correlation analysis due to separation and misalignment of the ,/l-. e

~_ 3001 km
S

/

detectors

/

Expected correlation:
(B. Allen, Les Houches 1995)

r OO

. , - - 1
AP OTYNKHS) = WD) = 550 =TS

1
<h](t)hj(t,)> — 5

J—0o0

(unpolarized, stationary,

1
_ y) Ar £ A\ pA A
L) = Qr Jd £ Z R; (. n)RJ (/. 1) isotropic background)
A

[ (f) Is the transfer function between GW power and detector cross-power; integrand of I j{(f) is important for
anisotropic stochastic backgrounds
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[normalized]

Y(f)

| IGO Hanford-LIGO Livingston overlap function
(small-antenna approximation)

(B. Allen, Les Houches 1995)




| IGO Hanford-Virgo overlap function
(small-antenna approximation)

1

v(f) [normalized]

10 10 100 1000



Pulsar timing correlations (Hellings & Downs curve)
(correlation for an isotropic, unpolarized GW background in GR)

0.5

0.4 N
0.3 _

0.2 _

01| (similar to cos(20))

Expected correlation
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Exercise 7: Show that the overlap function for a pair of short, colocated electric
dipole antennae pointing in direction u4 and u: is given by

Flzoc l/tl 'quCOSC

for an unpolarized, isotropic electromagnetic field.
Jenet and Romano, AJP 83 (7), 2015

o0 r 2
E(t,%) = J df | d*Q, Z E (f,R)e (i)e2At+i 1o

— &0 a=1
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3. What to do In the absence of
correlations (e.g., for LISA)?



{ 4 f :

Fo— ey I
| ISAY(Laser Interfemrhet'erépace Antenna)
\ E—)




Cross-correlation is not an option for LISA

(at least for low frequencies)

® Although there are 3 Michelson combinations (X,Y,Z), they have

common noise (since they share arms)

e (Can diagonalize the noise covariance matrix to obtain noise-orthogonal
combinations (A,E, T), which also turn out to be signal orthogonal

® A E:two Michelsons rotated by 45

degrees

® T: relatively insensitive to GW (null channel)

® Nonetheless, proper modeling of instru
foregrounds (galactic WD binaries), anc

mental noise, astrophysical

GWB allows you to

discriminate all three components (Ada

ms & Cornish, 2010, 2014)

Detailed questions? Ask Neil when he arrives!

/
3
1 2
Y
AE%(ZX—Y—Z),
1
E = /Z —Y),
ﬁ( )
TE%M+Y+Z)
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Different spectra => differentiate different noise components
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— ] . .
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1e-38 Kk Model

instrumental noise

1e-40

1e-42

astrophysical foreground

1e-44 |

S(f)

1e-46 | - GW i%chkground -

b

A

1e-48 -

16-50 |- i -

1e-52 - — ' e
0.0001 0.001 0.01

f (Hz)




4. Frequentist and Bayesian
methods



Frequentist statistics

Probabilities are long-run relative occurrences of outcomes
of repeatable expts —> can’t be assignhed to hypotheses

Usually start with a likelihood function p(d|H)

Construct statistics for parameter estimation / hypothesis
testing

Calculate probability distribution of the statistics
(e.g., using time slide)

Calculates confidence intervals and p-values

Bayesian infererence

Probabilities are degree of belief —> can be assigned to
hypotheses

Same as frequentist

Specify priors for parameters and hypotheses

Use Bayes’ theorem to update degree of belief

Construct posteriors and odds ratios (Bayes factors)
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Likelihood function

Starting point for both frequentist & Bayesian analyses:

likelihood = p(data | parameters, model)

Gaussian detector noise and GWB:

1
p(d|Cy, M) = \/d 220 CXp [_EdTCn_ld] (noise-only model)
et(ZnC,,
pd|C.,S,, M) = 1 exp [_l JTC-14 (signal+noise model)
\/ det(27C) 2 ]

N samples of white noise, white GWB, in two colocated and coaligned detectors:

c o Sn, Ty Onsev 2 - _(Snl +55) Ty Sn sy
Onsny— Sn, 1N><N_ Sn sy (5,, +5,) 1N><N_
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Frequentist analysis

Use maximum-likelihood (ML) ratio for detection, and maximume-likelihood parameter values as estimators

Maximume-likelihood detection statistic:
maxg s, SP(C” n, n’Sh"%l)

Ay (d) =
ML maxg, s, p(d| Sy, Sy, o)
2
A(d) = 2 In(Any (d)) =~ i « SNR2
(d) = 21In( ML( ) & ——
wSn /N

Maximume-likelihood estimators:

N
Sp = NZ diidy)  «—— cross-correlation statistic
=1
1 & Exercise 8: Verify the expressions
Va\ _ 2 Va\ .
Sn1 = N Z dll. -5, for the ML estimators.

1 Al 723G Exercise 9: Verify the expression for
n, — N Z 2i  “h the detection statistic 2In(Ay;(d))
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Bayesian analysis

Use Bayes’ theorem to calculate posterior distributions for parameter estimation and odds ratios (Bayes factors)

for model selection ikelinood prior
N\ ~
Bayes’ theorem: p(d|H)p(H)
p(H|d) = @
P "™~ normalization factor
Posteriors: p|S, .S, .Sy AP, S, . S| A1)
p(Snl’ Snz’ Sh | d’ %1) —
pld| )

p(Sh | d, %1) — JdSn1 JdSn2 p(Snl’ Snz, Sh | d, %1)

Model selection: - Bayes factor #0(d)

p(A | d) E]9(d %1)517(/%1)
p(My|d) p(d|Ay)p(My)

Relationship to frequentist approach:

p(d|.a)) JdS, [dS,,[dS, p(dIS,. S, Sp M P(S,, S, Syl M 1)
pdl My~ [dS, [dS,, p(d]S,. S, H)p(S,,S,, | M)

Bo(d) =
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Example: Derivation of standard stochastic likelihood by marginalizing over a

Generic likelinood:

pd|Cy,h) =p,d—h|C) =

/

signal model

stochastic signal model.

Marginalized likelihood:

ph|S,) =

\/ det(2zC,)

exp

271'Sh

1 h?

2,

p(d|C,. ;) = th p.(d—h|Cph]S,)

covariance matrix
for signal + noise

—»C:

S, +S;

Sh

Sh

Sn2 + 5,

33

stochastic signal prior

] _
exp —E(d - mIC1(d - h)

/ | S 0

covariance matrix for noise, e.g., C, =

h

2

1 1
= exp [——dTC_ldl

\/ det(27C)

Exercise 10: Do the marginalization over
h to obtain this final result.




Signal priors define the signal model. ..

] 1 h? |
stochastic: ph|S,) = exp e
\/27S, 2 3y h

h
deterministic: p(h|A,ty, fo) =0 (h — A sin[2xf,(t — to)]> /\/\V/\V/\/\V/\ t
hybrid p(h|& A, 1, fo) = £6 (h — Asin[2zfy(r — 1)]) + (1 = &) 6(h)
h h
L
DA t

E percent or (I-C) percent
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0. Example: searching for the
pbackground from BBH mergers



Recall: Non-stationary background from BBH mergers

is a potential signal for advanced LIGO,Virgo

Recent detections of BBH and BNS mergers by
advanced LIGO, Virgo imply the existence of a
stochastic background of weaker events

Smith & Thrane (PRX 8, 021019,2018) have proposed
an alternative method to search for the BBH
component, optimally suited for the non-stationarity

Describe BBH background with a hybrid signal model

Average over chirp parameters to infer only rate of
mergers

Use two detectors to discriminate against glitches

36
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Mathematical details

Split data in short (e.g., 4 sec) segments, which should contain at most 1 BBH merger.

¢ percent
For each segment we have:

h

Likelihood: pd|C, h)=p,(d—-h|C)

= n y
. : AL
Hybrid signal model; o
p(h1 &, 7) = £6 (h = chirp(Z) ) + (1 = & 6 h

\

Marginalized likelihoods: (1-&) percent

p(d| & T) = th P(d| G (£, T £ Ep (d— chirp(1)| C) + (1 — &) p,(d] C.)

p(d| ) = Jdmd\f, Dp(2) = —NE+N \

“mixture” gaussian

d .
p(d) multiplying likelihoods, ...
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Example: Simulated BBH background in white detector noise and
confusion-limited BNS background

4 | detector | 5.01 ddtector 2 — data

0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0

time (s) time (s)
S . SNRnon-stationary = 15.3
8 VS
a7 SNRstationary = 3.9
O_

0.00 025 050  0.75 1.00
3
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Combining segment posteriors

combining 1 segments

posterior
— — b
- Ot -

=
&

=
-

0.00 025 050 0.7 1.0
¢
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Combining segment posteriors

combining 2 segments

posterior
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}—\
]
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¢
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Combining segment posteriors

combining 3 segments
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Combining segment posteriors

combining 4 segments
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Combining segment posteriors

combining b segments
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Combining segment posteriors

combining 10 segments

posterior
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Combining segment posteriors

combining 20 segments
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DO
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Combining segment posteriors

combining 30 segments

posterior
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H
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Combining segment posteriors

combining 40 segments

posterior

0- j
.00 025 050 075 1.0
§
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The optimal analysis reduces time to detection because...

® All segments contribute to estimating probability parameter ¢

® BBH chirp signal is deterministic and not stochastic
haven’t been able to rigorously

prove the Neyices part!!
SNR N

non—stationary cycles

SNRstationary \ 5

~40 months of observation reduces to ~1 day!!

So stay tuned!!
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extra slides



Pulsar timing correlations (Hellings & Downs curve)
(correlation for an isotropic, unpolarized GW background in GR)

0.5

0.4 () = % _ % Sin3(£/2) + % sin’(¢&/2)In [Sinz(éj / 2)]

0.3 _

0.2 _

0.1 (similar to cos(20))

Expected correlation

0.1+ -

_02 | | | | | | | |
0 20 40 60 80 100 120 140 160 180

Angle C between Earth—pulsar baselines (degrees)
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Beyond the short-antenna limit

LISA, spacecraft Doppler tracking and pulsar timing all operate outside of the short-antenna limit

: 1 : 1 i i2nfL A A 1 A o
Recall response function: A £ A\ — a,, b, A (A\ — 14+7-i) | ,i2xfh-r,/c
=°b _ R*(f,n) = —uu’e, (n):- — (1 —e ¢ ¢ ):e fiers
(one-arm, one-way) ) Rrfl+n-u L I

To(f. i - i) i
L. n-U) = - —— — e
"’ 2nf 1+n-u
1.0 . .
LIGO
0.84 e\ LISA ............................ i
=~ : 5
O 0.6 e Spacecraft - :
E{ : tracking
R S !
= | : pulsar
024 S | AU timing T
10~ 10~ 10° N 10?

fL/c

i2nfL(1_|_ﬁ.bAl)i| B L i A AN JZ'fL

—[1 + 7 - u]
C C

Beam detector L (km) f. (Hz) f (Hz) f/f Relation
Ground-based ~ 1 ~ 10° 10-10* 1074 -107! f< f

interferometer

Space-based ~109 ~107! 100*%—10"1 1073 -1 f < fs

interferometer

Spacecraft Doppler ~10° ~107%* 1079—-10"3 1072 — 10 f~ f

tracking

Pulsar timing ~ 107 ~1071 1079 —-10"" 103 —-10° @ f> f.

zeroes in the timing transfer function at multiples of f. = ¢/L
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Beam pattern functions

Y-axis

Y-axis

Y-axis

X-axis

X-axis

X-axis

[R™(f,7)

c/(2L)

37.5 kHz)

(f =
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Spacecraf’[ Beam detector L (km) f. (Hz) f (Hz) f/ fx Relation
= . - _ ~ ~ 5} L 4 —4 —1
’[raCklng Qround based 1 10 10 — 10 10 10 f < fs
interferometer
Space-based ~100 ~107' 100*—10"t 1073 -1 f < f,
interferometer
- Pulsar Spacecraft Doppler  ~ 107 ~10~% 10°—-10"3 10°2-10 f~ f.
tracking
Pulsar timing ~ 107 ~107%2 1072-10"7 10°-10° f> f.
10 10> 10~ 107 10° 10 10° 10° 10 10°
2fL/c (=2f/f)
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Bap (d) 2InByp(d)

<1 <0
1-3 0-2
3-20 2—6
20-150 6-10
> 150 > 10

Evidence for model M, relative to Mg

Negative (supports model Mg)

Not worth more than a bare mention
Positive

Strong

Very strong

Adapted from Kass and Raftery (1995)

55



data

profile

Matched-filtering determination of measured TOAS

C(A) =N Jdt y(H)p(t — At)

|

l
LY

N

. | | 1 1 1 1
W 1 " ' | - . I | i |
. ) . . 1 .
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